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IMflUimoiUUM) CONTENTS OF THE THESIS 


For a given class { L^} of approximation methods the 
investigation of its direct, inverse and saturation theorems 
forms one of the most-important theoretical and practical 
aspects of its study* A direct theorem provides the order 
of approximation for functions of a specified smoothness* 

On the other hand* an inverse theorem infers the nature of 
smoothness of a function from its order of approximation* 

A saturation theorem is a more curious phenomena. It 
refers to an inherent limitation (if present) of the 
approximation method s the order of approximation heyond a 
certain limit 0(<p(X)) (<p(X) o,X - is possible only for 
a trivial (finite dimensional) subspace. The functions 
for which the 0($(\)) approximation is attained form the 
saturation (Favard) class and those with the approximation 
order 0(9 (X)) come in the trivial class. Thus a saturation 
theorem consists of a determination of the saturation order 

1 

9(X), the saturation class and the trivial class* In this 
formulation the error in the approximation could be .with 
respect to a certain function norm, seminorm or a metric, 
pointing© or local* The first case is often referred to as 
global* In the' pointwise case the error term incorporates j 
a function of the point under consideration and indicates j 
a bias of the m&tlgoi towards certain points( usually the end j 
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points of the interval). The common characteristic of 
global and pointwise results is their involvement with thd 
whole domain(the set of definition) of functions* while 
the local results concern, both in hypothesis and 
conclusion, with limited subsets of the domain. 

The study of direct theorems in approximation 
theory was initiated by the classical work of Jackson [18] 
on algebraic and trigonometric polynomials of best 
approximation. The corresponding inverse theorems were 
obtained by Bernstein(see e*g., Natanson [29] ) by an 
ingene ous application of his famous inequality. In the 
trigonometric case the results of Jackson -Bernstein had 
an essential gap for the case °c = 1. This was filled, 
much later, by Zygmund [ 46] through the introduction of 
the class Z ( Lip* 1). Further generalizations of the 
Zygmund class have been found to be very useful in recent 
developments in approximation theory. 

The Jacks on -Bernstein theorems in the algebraic 
case were further improved by Timan and other s( see Tim an [ 44 
and LorentzX25] ) by taking into account the improved natu 
of approximation near the end points* ALexits tl] initiate 
the study of saturation of convolution operators by characte 
the saturation class for Fejlr operators. A general formula 
of the phenomenon of saturation was given by Favard [13] ant 
the saturation class bears his name. Zamansky [ 45] studied 
saturation of certain convolutions with trigonometric 
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polynomials in connection with summation methods applied 
to Fourier series. The Fourier coefficient method for 
trigonometric case of saturation was given by Sunouehi 
and Watari [39-40} (see also Buchwalter [ 6} and Harsilad; 
Far a detailed accomt of further earlier works we refer t< 

[ 44 ] , [ 24 ] and [ 29 } , 

The current interest in the above problems was revi-s 
through the original work of Korovkin (see [2l"l ) on lineaH 
positive operators. This resulted in a systematization of 
the earlier work on Bernstein polynomials, Fejlr operators, 
Jackson and Tteierstrass integrals etc* which, in retrospect} 
turned out to be positive. The recognition of the basic 
role of linear positive operator s triggered a virtual chain 
reaction in approximation theory. For a discussion of some 
of the more recent aspects we refer to De Vore [ 11 } . Impor 
contributions to direct theorems are due to Freud [ 14-15} , 
Sunouehi [ 38} , Shapiro [36 } (in whose work on convolutions 
with dilations of a kernel, direct and inverse theorems mer§ 
into a unified theme of comparison theorems) etc. For a 
systematic study of error estimates and Vorcnovskaja type 
asymptotic formulae (whose role in saturation theory is 
fundamental ) we refer to Ratfeore [32} and the references 
therein* 

The first result on saturation in the non-trigonometr 
case of Bernstein polynomials was obtained by de Leeuw[ 22} 
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His result was sharpened through a new functional analytic 
technique by Lorentz [24] (see also [25] ). Lorentz and 

Schuaaker [ 26 ] gave the first approach to pointwise saturate 
theorems (see also Berens [4] ). Important contributions to 
saturation in local approximation were made by Saunouehi [37 
(who for Fejer means used the asymptotic formulae involving 
the conjugate function derivative), Suzuki [41-42 3 , Suzuki 
and Watanabe [ 43 ] , Ikeno and Suzuki [17 3 and others* Manjj 
of these aid other works were based on the approach of Loreni 
Some recent works on saturation are due to De Vore [ 10-11 3 , 
Schnabl [35 ] , Becker, Kucharski and Nessel [ 3 ] etc* 

Direct, inverse and saturation theorems in appr oximatil 
by semigroups of operators had been extensively developed by 
and Berens [ 8 3 . Kelisky and Rivlin [ 20] send Karlin and 2ieg| 
[19] studied the convergence of iterates of certain sequena 
of linear positive operators to semigroups of operators. 
Micchelll [ 28 ] based a theory of saturation of the original 
operators on this fact which provides an alternative to the 
molllfiers method (see ShapiroC 363 ) for operators which 
do not posses non -trivial commuting approximation operators. 
By this method Micchelli gave a unified approach for Lorentz 
type results for several sequences of linear positive operates 
For operators possessing certain Bernstein-type inequaj 
an approach towards' inverse theorems is given in De Vcre [ll] 
Much work in this direction has been done by Butzer and his 
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associates. The study of inverse theorems for non-trigonometrio 
and non -c onv ol uti on type operators turns out to be much more 
difficult. In this connection the pioneering work of Berens 
and Lorentz [5 ] gives an elementry proof of global inverse 
theorem for Bernstein polynomials for the case o < =< < 1. An 
extension of their technique for the case o < ^ < 2 has been 
made by Becker and Nessel [2] • For the Inter pci atioh theory 
approach to inverse results see Butzer and Scherer [ 9] (also 
Butzer and Berens C 8] ). 

Several Investigations (in our context starting with 

the work of Butzer [7] on Bernstein polynomials) indicated 

that even when a sequence or class { \) of linear positive 

operators is saturated with a certain order of approximation, 

some carefully chosen linear combinations of its members may 

give a better carder of approximation for smoother functions. 

A general direct theory of such combinations was furnished 

by Rathore [ 30 ] who based it on a certain notion of local 

unsaturation on positive zero orders. Micchelli [ 28 ] offered 

yet another approach for improving the order of approximation 

of Bernstein polynomials B n by considering the iterative 

combinations T , * I - (X - Bl) • What is interesting is that 
n,k n 

such combinations themselves turned out to be saturated with a 
certain (higher) order of apis* oximatton. The direct, inverse 
and saturation theorems for these combinations turn out to 
be much more complicated to obtain than the corresponding results 
for the original operators. Saturation of T r ^ was established 



6 


fay ^kicchelli [ 28] himself fay using the semigroup approach# 

t * 

Only recently Ditzian and May [ 12 ] succeeded in obtaining 
local saturation theorems for Butzer type combinations of 
Bernstein polynomials and Szasz operators (see also May [27] 
for an outline of the proof). The paper [27] of May 
introduces a class of the so called exponential type operators 
whose iterates are the subject of study of this thesis. This 
class among others contains the Bernstein polynomials, Szasz - 
Mirakyan - Hille operators, a case of Baskakov operators, the 
Weierstrass integrals and an operator of Rathore [301.. • In 
a unified treatment of this class May obtained invers . 
theorems for certain Butzer type linear combinations of members 
of this class. With an additional assumption of regularity he 
also obtained saturation theorems for these linear combinations. 
The treatment is based on intermediate space approach involving 
a Peetre's K-functional for inverse theorems and -JLs; distribution 


theory oriented for saturation theorems. 

Another topic of interest in the present thesis is 
the phenomena of simultaneous approximation (approximation of 
derivatives of functions by the corresponding order derivatives 


of operators). The first remarkable result in this direction 
is due to Lorentz (see [23] ) who proved that B^ k ^(x) -*■ f^(x), 
n oo , whenever the latter exists at the particular point 
x 6 [o 9 l] y k = 1,2,3,..., being arbitrary. His method for 
this pointwise convergence in simultaneous approximation 
has since been applied by several workers to other operators. 
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Rathare [33-34} made a more detailed study of simultaneous 
approximation and established the existence of Voronovska^ja 
type asymptotic formulae in simultaneous approximation. His 
results at once suggest the phenomena of saturation in 
simultaneous approximation and hence also the questions on 
direct and inverse theorems. 

The main problem of the present thesis is the investigation 
of this possibility of direct, inverse and saturation theorems in 
simultaneous approximation for exponential type operators of 
May. In fact we have considered the problem in a much more 
general frameowork of the following two types of iterative 
combinations 




m 


(f,t) 



mP(m,r) 


< +m (f,t> 


C k — 1,2,...; m = 0 , 1 , 2 ,...) 


and 


\ )P <w - i 


£ \Cf>t) d Q .... d Q 
o 

S d \(f,t) d^ 1 »••• d.^ 

J- 


a -l 


-k 


s d ^(f,t) V*... d k 


(k * 0,1,...; P 3 1,2,3,... and d »s are. distinct 


positive real no’.s). 
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where A is the <3© terminant obtained by replacing the operator 
column in the above determinant by the entries 1* Our results 
contain direct, inverse and saturation theorems in both the 
ordinary and simultaneous approximation. 

It is remarked that the iterative combinations of 
Micchelli as wll as the ordinary combinations considered 
by May all turn out to be very special cases of the above 
two combinations. Also, as will be seen later our approach 
to the local direct, inverse and saturation theorems is 
considerably simpler and unified than the other approaches 
mentioned earlier. 

The thesis consists of five chapters whose contents 
axe as described below s 

Chapter 1 contains the formal definition of exponential 
type operators and the constraints of the notion of regularity. 
Our definitions are appropriately modified than those in May [ 27] 
The results of May still hold and are described next. 

These are also supplemented by a result on direct error 
estimate. We then introduce a notion of certain dual 
operators corresponding to the regular case of exponential 
type operators. This notion results in a considerable 
simplification of the saturation theory., Some approximation 
results for these dual operators are also proved. In the 
last section as a motivation we state the direot, inverse 
and saturation results in simultaneous approximation by 
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^(f*k*t) which are to be proved in Chapter 4 for the 

general case S (f,k,t). 

\>p 

Chapter 2 formally introduces the combinations 
s \,k,m 311,1 is 3 si:u<a y of ordinary approximation by these 
operators’* Basic results on the moments and asymptotic 
formulae for these iterative combinations are derived 
first. Then we develop the direct and inverse theorems 
for these combinations ,of general exponential type operators 
and the saturation theorem for regular exponential type 
oper ators. 

Chapter 3 is a study of the problems of Chapter 2 
in simultaneous approximation. Here we introduce a new 
Peetre's functional K (5*f) and define an intermediate 

r 

space Cq( °<,kja’,b’,) with its help. This along with 
an equivalence lemma provides the basic machinery for 
inverse theorems. For tackling the saturation problem 
a very interesting approach is made in which a ’switching 
of the derivatives’ (see equation (3.4.2)) enables the 
ordinary approximation methods to be applicable also 
in the simultaneous approximation case* 

Chapter 4 is a combined study of direct* inverse and 
saturation problems for the combinations S Xjp (f,k,t) both 
in the ordinary and the simultaneous approximation cases. 

Chapter 5 considers and completes the local saturation 
theory far the two combinations m (f>t) and ^(f,k, t) 

of Bernstein polynomials both in the ordinary and the 
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simultaneous approximation* Here the approach had to he 
different for the Bernstein polynomials do not satisfy 
the regularity assumption and therefore our technique of the 
dual operators becomes inapplicable. The results show 
that these combinations of the Bernstein polynomials 
also have the same saturation behaviour as that of tbs 
corresponding combinations of the regular exponential 
type operators* 

We would like to mention that the study of iterates 
of operators is not just academic* One of the practical 
reasons for their investigation is the enhancement of 
several qualitative approximation properties (e*g., the 
variation diminishing property) in the iterates* 



om m i 


S.Q.ME..BA3IC RESULTS ON EXPONENTIAL TYPE OPERATORS 

1.1 mmmm 

In this chapter we introduce the exponential type 
operators S x and their linear combinations S x (f,k } t)- in a 
slightly modified form than that considered by May C 27 3 
and present some basic results on pointwise simultaneous 
approximation of derivatives of functions by the derivatives of the 
exponential type operators. also summarize the results 
of May which remain valid for the operators under consideration 
and include some results on the dual operators S x in the case 
when the operators are regular. 

In later chapters we shall study two types of Iterative 
combinations of the operators S x and there the results of this 
chapter will be of an extensive use. 

1.2 EXPONENTIAL 3?YPE0PERATQB£ 

Lit A denote an unbounded subset of IR + ( the Set of 
all positive numbers). A family (S x ,X6 A } of operators having 
the form 

(1.2.1) ^(fjt) = I® W(X,t,u) f(u) du, 

where - oo < A < B < and W(X,t,u) > o is the distributional 
kernel, is said to be of exponential type if there hold 

(1.2.2) I® W(X,t,u) du* 1, te (A,B), and 

(1.2.3) W(X*t,u) = W(*,t,u) (u-t),'u,t e (A,B), 





12 


where p(t) Is a positive second degree polynomial on (A,B)* 

It is further assumed that the range of is 
contained in (f°(A,B) ( the class of infinitely differentiable 

functions on the interval (A,B) ) and moreover that there holds 
k £ 

(1.2;4) £ ^(fjt) = [„ W(X, t,u),] f(u) du, 

dt 3 1 

for k 6 IN . 

The nature of the 'domain of the operators varies 
with the nature of W(X,t,u). Thus, for instance, for the 
operators of PostHtfidder and Gausc^aiers trass* defined 
respectively by 

(f,t) *= — L u X “ 1 f(u) du(X £ IR + ), 

a r(X) t 0 

and 

sf (f, t) = C-^-) 172 S" e" X(u ' t)2/2 f(u) du (XG 3R + ), 

f must be measurable on IR" 1 " and IR = ( -oo,oo) • while for 
the Bernsteih polynomials, the Szasz operators and the 
Baskakov operators, defined respectively by 

sf (f,t) = 2 (£) t k (l-t) X " k f(^-) (X £ IN), 
k=o 

S? (f.t) = e fcXt 2 -X- <Xt) k f(X) (XG E + ) and 

k?o x 

S? (f,t) = 2 (*l) k — ) t k f(X) C X€ 3R + >, 

A k=o ki A 

where the family {$ x ) satisfies certain appropriate conditions, 

the measurability of f is not required* 
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Thus, we do not specify the domain of the operators 

f 

S\ explicitly $ we only Require that the distributional integrals 
in (1,2*1) and (1.2.4) remain meaningful. In the sequel 
writing S^(f,t) entails the assumption that it be defined. 

The operators to S® as shown by May [27] are 
of exponential type with the kernels respectively given by 


^(Aj^u)*-! — (-L)' e u , 


_X.i x o“ 

r(x) t o 

3/2 -X(u-t) /2 


V^(X , t,u) * (-gjr')’ 

V^(X, t,u) = 2 (^) t k U-t^’ k 6(u-£), 


k=o 


¥.(X , t,u) * e” xt 2 (Xt) k 6(u-^) and 

4 te=o kl / k \ x 

oo k *i (t) k k , 

W R (X,t,u) = s (- 1 ) K — t «(u-K), 

o W rs 


k=o 


kl 


where 6(x) denotes the Dirac 5-function* 

Also, the operators of Rathore [30 ,p.lS7] 
defined by 


L fc (f,u) * (1+u) 


(k+1) 


00 

2 

s=o 


<^ s ) (_a_) s f( 

s 1+u 


k+p ^ 


give rise to the operators 


sf(fjt) = (l+t)“ X 2 ( X4 C S " 1 ) (-—£--) S fW (X € IN), 
x gso s 1+t X 

where S® g with p = 1, which are of exponential type 

with tiie kernel 

w„(x,t»u) # d+t)^ ¥ ( X T X ) <-fer-) s 5 < u “f5. 

® s=o 



14 


The operators of exponential type are called regular 
if W(X,t,u) are measurable functions of (t,u) and there holds 

(1*2.5) W(X,t,u) dt = a(X), u£ (A,B), 

where a(X ) is a rational function of \ satisfying 


(1.2.6) lim a(X ) = 1, 

X -* oo 

the limit being taken along x £ A and further that 

(1.2.7) for each fixed u 6 (A,B) and m £ 3tP (the set of nonrnagat' 
integers)} t m p(t) W(Ajt,u) ■* o as t-* A,B } for all X sufficiently 
large. 


Let d^d^ .. ,,d k (k £ IN°, the set of non-negative 
integers) be k+1 arbitrary but fixed distinct positive real 
numbers. Then following Rathore £30] for X £ A such that 
d^X £ A, i = o,l,.. .,k the linear combination S x (f,kjt) of 
S, (f,t), j = o,l, . ..,k is defined by 

A 


(1.2.8) ^(fjkjt) 


>d 0 X <f»t> u o 


-1 


-2 -k 

* * * • 


S di x (f,t) dj 


d 


-k 

1 



s d k X ^ 
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where A is the Vandermonde determinant 


(1.2.9) A- = 


1 a; 1 a; s d; k 

1 a l d l d l 

• • • • • • * • « 

• * • «•••• • 

• * • • • • • • • 

• • • •••*. 

1 d k 1 d k 2 d S k 


On a simplification, we have 


(1.2.10) (f,k, t) = 2 C(j,k) S d x (f,t), where 

J=o 3 


( 1 . 2 . 11 ) 


C(j»k) = ^ 


k d 




i k o and C(o, o) = 1. 


i=o d j~ d i 

W9 close this section with a few remarks : (i) May [27] 
does not mention the property (1.2.7) explicitly even though he 
uses it in his paper (in the proof of Lemma 8.1, while 
deriving (8.6) ) ; (ii) he also utilizes (1.2.4) (in the proof 
of Lemma 4*2) without assuming it explicitly and (iii) in his 
combinations S^(f,k, t), May assumes the nunbers d.j f s to be 
integers. However, it is easily verified that his results 
remain true for our more general combinations. 

1.3 PRELIMINARIES AND SUPPLEMENTARY RESULTS 

The k-th order modulus of continuity u> k (f j8) for a 
function f continuous on an interval I is defined by 
w k (f;5) = sup { | aJ^ f(x)| i |h| < 6,x, jc+kh 6 1). 
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The function f is said to belong to the generalized Zygmimd class 
Liz (°(,k$a,b) if there exists a constant M such that 
. M2fc(f;6) < Mfi^, 5>o, 

where » 2 ^(f;5) denotes the modulus of continuity of 2k-th order 

on the interval [ a, b ] . The class Liz (*,l5a,b) is more 

commonly denoted by Lip* (°<;a,b) or 2*(a*b). 

Let C 0 denote the set of continuous functions on (A,B) 

having a compact support and C 0 the subset of O 0 of k-times 

continuously differentiable factions. W5.th [ a,b}d (A,B) and 
2k+2 

G(a,b)={g £ C 0 , supp gc £a,b]} » the K-functional 
K(5,f;a,b) (o<£<l)for f 6 C 0 with supp fc[a,b] is defined by 

K(5 ,f;a,b) a inf {||f-g|| + 5i|ig|| + llg ( 2 k+ 2 ) ll)>, 

geGKa^> ) 

where |j.|{ denotes the sup-riorm cm (A»B). For o<&<2 t C 0 («,k+1$ a,b) 
denotes the set of functions f for which 

-<V2 

ll f lloc2 su S * K(5,f;a,b) <M, 

oCC< 1 

for some constant M. 

In the sequel X £ A and stands for an operator of 
exponential type from the set { S^, X6 A) with w(X,t,u) denoting 
the kernel of . May i[27 ] proved the following results t 

LBMMA 1.3.1 s If f is a polynomial of degree < k, then so Is 

^(f,t). 
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LEMMA 1*3*2 : If 6>o, m>o and A<a<b<B, then 

(1.3*1) / W(X , t, u) du = 0(x“ m ), X -* oo, 

|u-tj>_5 

uniformly for t C [ a,b] , 

LEMMA 1.3.3 s If 

(1.3.2) A m (X,t) = x m X® VftX,t,u)(u-t) m du, m e IN 0 , 
then A Q (X ,t) = 1, A^(X,t) * o and 

(1.3*3) A m+1 (X,t) = Xm p(t) A m . 1 (X,t) + p(t) /4(X,t), me IN . (the 

set of natural numbers)* 
Consequently, A m (X,t) is a polynomial in t and X of a degree < m 

in t and of degree [^-] in X , [x] denoting the integral part 

of x. The coefficient of X m in the polynomial Ag ffl (X,t) is 

( 2m- 1) !! p m (t), a I! denoting the semifactorial of a. Also, the 

coefficient of X m in A^^ (X,t) is C^p^^p* (t), where C m is a 

constant* 


An explicit evaluation of C m was not made by May, 
which, however, is given by 


(1.3.4) 


(2nH-l)II m 


m 


and can be obtained as follows 
m, by (1.3.2) we have 


Assuming (1.3.4) for a certain 
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Hence the coefficient of x 10 * 1 in Ag^CAjt) is 
2(m+l)p( t)(2m+l)l ! § p m (t)p' (t)+p(t)(2flH-l)I l (p m+1 (t))' 

= { 2(nn-l)(2tiH-l)i I |+ (2HH-1) 1 1 (eth- 1) } p 11 * 3 ^ t)p* (t) 

= li s ten C^)^ H-l (t) t(t) 

3 

showing that (1.3,4) also holds for dh-1. 

Since kjiXjt) * o, (1.3.4) holds for m = o. Hence 
by induction (1.3.4) follows for all m 0 JN°. 

A function Y (>1) 0 C(A,B) will be called a growth test 
function (GTF) for{ S^,X 0 A) if for any compact subset K of 
(A,B) there exists a X Q 6 A and a positive constant M such that 

(1.3.5) S x (’P 2 ,t) < M, X >X Q , te K. 

The function (l+t^)^> N>o is always a GTF for 
exponential type operators. As mentioned by May [27] , 
he and Ismail have shown that e N l , N>o is also a GTF for 
the operators . Throughout this chapter 7 denotes a GTF for 

S X * 

The set of all functions f which belong to the domain 
of for all X sufficiently large and satisfy 
| f C t) 1 < MT(t)j t 0 (A>B) f for some constant Mis denoted by 
(AjB), C Y (A>B) stands for the subset of By (A,B) consisting 
of continuous functions. The space Cy (A»B) is normed by 

(1.3.6) 1 1 f 1 1 r = sup { |f(t)|/ vjr(t) } . 

t0(A,B) 
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Let <a,b>C. (A,B) denote an open Interval containing 
the closed interval [a,b] . 

THEOREM 1.3*4 i If f £ Ify (A,B) and is continuous at a point 
t £ (A,B) , then 

CU3.7) lim S (f,kyt) =- f(t). 

X *♦ co *■ 

Also* if f is continuous on <a,b> , then (1.3.7) holds 
uniformly for t £ t^yb] . 

THEOREM 1.3.5 : If f £ D y (A,B) and f( 2k+2) exists at some 

point t 6 (AyB)j then 

k+1 2k+2 ( ! \ 

(1.3.8) lim X [ S x (f,k,t) - f(t)] = 2 QU,k,t)f w '(t), 

x + 00 j=k+l 

where QQ,k,t) are certain polynomials in t. Moreover, 

Q(2k+2,k, t) = C 1 p k+1 (t) and Q(2k+l,k,t) = CgP^tJp* (t), and C g 
being certain constants. 

Also, if f(2k+2) ©xigts and is continuous on <a,b> , 
then (1.3.8) holds miformly for t€ [a,b] . 

For k = o and d Q = 1, (1.3.8) reduces to the 
Vorcnovskaya formula 

(1.3.9) lim \[ S,(f,t) - f(t)] = Jp(t)f"(t). 

X oo 

We also mention the following result from May [27] . 
THEOREM 1.3.6 *. If f € C Q with supp fd(a,b) then f G Liz(°<,k+1; a,b) 
if, and only if f £ 0 o (®<,k+lj a,b). 
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The inverse and saturation theorems which May proved 
for the combinations S x (f,k,t) are as follows : Let f £ G ? (A,B) 
and A<a 1 <ag < ag < b 3 <bg < b^ < B. Let { X fl 6 A > be 
a monotonically divergent subsequence such that for some constant 
C there holds ^-i^n - c > n 6 IN. Throughout this thesis we 
assume that a^>b^, i = 1,2,3 and x n , n £ IN satisfy the 
conditions of this paragraph. 

THEOREM 1*3,7 : If o < °< < 2, in the following statements 
the implications (i) =*> (ii)<»>(iii) (iv) hold • 

CD |l% n - f (t)|l c[ J = 0( \^ (k+1)/2 ) } 

(li) f E Liz C*,k+lj ag.bg) ; 

(iii) (a) If m < °((k+l) < nn-1, m = o,l,2,..., 2k+l, then 
f^ exists and 6 Lip (°((k+l) - m 5 agjbg), 

(b) If <*(k+l) = m+1, m = o,l,2, ... ,2k, then f^ 
exists and £ Lip (l;ag,b 2 )j 

,-°<(k+l)/2 

(iv) 1 | Sx (f,k, t) - f(t)|| = °( x )• 

GCag.tg] 

THEOREM 1.3.8 : If are regular and 

I(f» X ,k,a,b) = X k+1 1 1 Sx (f,k,t) - f(t)|| , in the 

C La,bJ 

following statements, the implications (i) + (il) •*> (iii) and 
(iv) «> (v) =► (vi) hold. 
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(i) 

I(f, X n »k,a]_,b^) 

• r\ 

rH 

o 

It 


(ii) 

f (2k+1) e a.c. t 

agjbg] and e Loo 

tagjbgl J 

(iii) 

I(f, X ,k,g^,b 3 ) = 

0(1); 


(iv) 

I(f, Xjj,k,a^,b^) 

= o(l) ; 


(v) 

f 6 C 2k+2 [ 8g.bg] 

2k+2 

and 2 Q(l,k,t)f u '(t) = 

i=k+l 

°> * 6 [ 


where Q(i,k,t) are the polynomials occuring in (1,3.8); 

(vi) l(f> X = o(l). 

We supplement the above results by proving a direct 
error estimate involving a local modulus of continuity of 
derivatives of f. 

THEOREM 1.3.9 : Let o < p < 2k+2, f £ (A,B) and f^ P * exist 

and be continous on <a,b> . Then, for all X sufficiently large, 
there holds 

(1.3.10) || S x (f,k,t) -f < t) | I < max { CX* 1 ^ 2 a> (f Cp) ; X" 1 ^), 

C[a,b]“ 

C* x -(k+l) } ^ 

where G x C(k,p), C* *, C'(k,p,f) and w(f^ p ^; 5 ) denotes the 
modulus of continuity of f(P) on <a,b> • 

PROOF * For t £ [a,b] , writing 

P f i 

(1.3.11) F(u, t) = f(u) - f(t) - 2 -£ (u-t) J , 

j=l jl 


i 
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if u 6 < a,b>-, ve have 

(1.3.12) |F(u, t) 1 < i S l fe l (l + JbfcJLl ) w (f(p) . x -l/£) 

pi x " 1/2 5 

Thus, ifx denotes the characteristic function of <a,b> , 
by Lemma 1.3.3 and Schwarz' inequality there follows 

(1.3.13) S x (|F(u,t)| X (u),t) < (f(p) 5 x- 1 / 2 ), 

where = C^(p). Similarly, for some constant Cg and 
all X sufficiently large, we have 

S x (|F(u,t)| (1 - X (u) ) , t ) 

< C 2 [S x ((u-t) 2(2k+2) ,t) S x (Y 2 ,t) ] 1/2 

< c 3 r . 

Hence ^ (F(u,t),t) | < C 1 X" p/2 u)(f ( P) ; X^ 2 ) + c 3 X“^ k+1 ^ . 

But, by Theorem 1.3.5 

S ( 2 hihn (u-t) 3 ,k,t) = 0(i-(k+l)) ) 

x 3=1 111 

uniformly in t 6 [a,b] • Hence for all X sufficiently 
large we have 

| |S x (f,k,t)-f(t)l | < C 4 X”P / 2 u> (f ( P ) ;x“ 1/2 ) + C 5 x" (k+ 

C [ a,b } “ 

where does not depend on f, from which (1.3.10) is 
immediate. 


This completes the proof 
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1.4 THE DUAL OPERATORS 

Let { S^} be a regular family of exponential type 
operators- Then the dual operator S* corresponding to S 

A. A 

is defined by 

(1.4.1) (f ( t) ju) = W(X,t,u) f(t)dt . 

The domain of S* is the set of functions f for which the right 
hand side of (1.4.1) is meaningful. Let <f,g> denote tbs 
inner product f(t)g(t)dt. The reason for calling S* 
to be the dual of is as follows s If S x fj-S*g, < £^f,g> 
and <f,S*g>are defined, we have the adjoint relation 
<S x f,g>= <f,sjg>. 

For, we have 

< f(u), sj (g(t),u) > 

= 'X® f(u) ( W(X ,t,u) g(t)dt) du 

= J*j g(t) (X® W( X ,t,u) f(u) du) dt 

= < S x (f(u),t), g(t) > , 
by Fubini’s theorem. ‘ 

The k-th moment u* k (u) of sj is defied, as usual, 

by 

(1.4.S) » j >k (u) = S* «t-n) k ,u), tee H°. 

The normalised k-th moment y fe( u ) i s defined by 

<1.4.3) o* (tt) = { a(l) ] ~ l W* k (u), fee IN 0 . 

X * 
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Clearly o^ 0 (u) = 1. 

A recursion relation for the normalized moments is as 
follows : 

LEMMA 1,4.1 : For each k £ IN° , there holds 

(1.4,4) {X -(k+2)°C Jc^k+l^ = 2(k+l)(°<in-p) °x,ktu)+kp(u) ^ t k-l u ^ 
for all X sufficiently large, 

where p(t) = °<t?+2plH-Y is as in (1.2.3) and ©^.^(u) = o. 

PROOF : By definition, for all X sufficiently large have 

a t,k+l^ u ^ =*C a<X> '3 1 X^ W(x,t,u)(t-u) k+1 dt 

= “ [ a(X ) ] X^( ■■ W(X,t,u) ) (t-u) k ^it 

= [ aCX) ] _1 S ® ( p(t) (t ' u) )' W(X, tju) at, 

using integration by parts, (1.2.3) and (1.2.7). Bence 

o* )k+i (u) = [Xa(X) ]“ X X® [ «(t-u) k+2 + 2 (o(xw-p)(t-u) fch:L 

4- p(u)(t-u) k ^ w(x,t,u) dt 

= [ X a( X) l" 1 X® [ c <(k+2)(t-U) kfl + 2(k+l)(°tw-p)(t-u) k 
+kp(u)(t-u) k X ] W(X,t,u) dt, 

where for k n o the last term within the square rbrackets is 
absent. 

Fro® this (1.4.4) is immediate , 



25 


COROLLARY 1.4.2 : For all x sufficiently large, u* k (u) (k £ IN 0 ) 
is a polynomial in u of degree ^ k. Moreover 

* - r k+1 1 

(1.4.5) Wx,k (u) s °< x )• 

The proof of Corollary 1.4.2 follows from Lemma 1*4*1 
by an induction on k. We also remark that in vi$v of (1. 2.5-7) 
each u^k^ 11 ) ex ists for all X sufficiently large. i 

The operators S* are themselves approximation methods. 

Let $ be a . GTF for the operators S* (i.e. 4(> 1) £ C(A,B) 

X 

and that for each compact Kc(A,B) there exist X Q ,M such that 
S’J ($ 2 ,u) < M, X > X 0 and u£ K). The function (l+t£) N is 
always a GTF for S^. The function spaces D^(A,B) and C $ (A,B) 
are defined analogous to D^(A,B) and C^(A,B). Similarly the 
combinations Sj(f,k,u) are defined by (1.2.8) after replacing 
S/j x (f » "t) Ly Sjj \ (f ,u) , J = o,l, ...,k. 

1 j 

THEOREM 1.4.3 : If f £ D $ (A,B) and is continous at a point 

u 6 (A,B), then 

I 

(1.4.6) lim S? (f ,k,u) = f(u). 

X -»oo 

Also, (1.4.6) holds uniformly on [ a,b] if f is continuous on 

« 

PROOF t To prove (1*4*6) r obviously it is sufficient to show 
thd.t 

(1.4.7) lim S*£f*«> » 

X* cer A 
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and that it holds uniformly in the uniformity case. Since 
f 6 , if u belongs to a compact set K and x§ denotes the 

characteristic function of tu*5,w*5_] > where e i s a fixed 
positive number, it is easily seen by (1.4.5) and the Schwarz 
inequality that 

(1.4.8) lim S* (|f(t) - f (u) | (l-* 6 (t)),u) = o 
X - oo A 

uniformly in u 6 K. 

But, due to the continuity of f at u, given an arbitrary, 

£ > o we can choose the above 6 > o such that 

. |f(t) - f(u)| < e, |t-u| < 5 

and that in the uniformity case this 5 can be chosen to be 
independent of u e [ a,b] • Thus 

(1.4.9) Sj (|f(t) - f ( u) | x$(t),u) < 6 a( X) . 

Combining (1.4.8 - 9), by (1.2.6) we have 

lim |S*(f(t) - f(u),u) | <€, 

X - oo A 

from which, again using (1.2.6) and the arbitrarily ss of 
£ > o, we have (1.4.7) said that it holds uniformly in u £ [ a,^| 
if f is continuous on <a,b > • 

This completes the proof. 

THEOREM 1.4.4 : Bet k £ IN 0 , f £ D $ (A,B) and f (2k+2) exist 

at a point «6 $A#B). Then 

2k+2 * .-( 

(1.4.1Q) S*(£*u)-f(u) - (atx)-l)f(u) + 2 £ — V <(u)+o(* 

X .1=1 jl * 
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Further, if f(2k+2) exists and is continuous on <a,b> 
then (1.4.10) holds uniformly in u 8 [ a,b] . 

The proof of this theorem follows from (1.4.5) along 
lines somewhat similar to that of the proof of Theorem 1,4.3 
and is omitted. 

An immediate consequence of Theorem 1*4.4 is the 
COROLLARY 1.4.5 * If k 8 3N° , f 8 Qp(A,B), u 8 (A,B) 
and f(2k+2)( u ) exists, then 

(1.4.11) lim X* x [ ST (f ,k,u) - f(u) ] = 2 t kii Q*(;j,k,u), 

X- 00 0=0 3! 

where Q*(3,k,u) is the coefficient of X~ in the asymptotic 

expansion of . (u), multiplied by (-l) k / k d^. Moreover, (1.4.11) 
Xj 3 i=o 

holds uniformly in u 8[a,b] if f(2k+2) exists and is continuous on 
<a,b> • 

Also, along the lines of the proof of Theorem 1.3.9, we 
can easily prove 

THEOREM 1.4.6 t Let o < p < 2k+2, f 8 1^ (A,B), f ^ exist 
and be continuous on <a,b> . Then, for all X sufficiently large 


(1.4.12) H&*(f,k,u) - f (u) | | < max{ rV2) } 

^ Cf a.bl - 


CV (k+1) >, 

where C = C(k,p), C* = C*(k,p,f) and w (f ) denotes the 
modulus of continuity of on <a,b>. 



28 


Our next result gives a qualitative expansion of iterates 
of for functions G (A,B), the space of infinitely 
differentiable functions of compact support in (A,B). 

THEOREM 1.4,7 : Let r,m G IN and f G (A,B). Then 

(1*4*13) S* <f,u) = 2 (*) F 1 )B (u,X) + o<X" m ), 

uniformly on each compact subset of (A,B) where the functions 
F ijm are of the form 

EL fa m ^ ( u) 

(1.4.14) F. m (u,X) = z hElH— 

4*1 1 

for some functions f ijin ^(u) G C^Ia,B) depending on f, F 0>m (u, X) = f(u) 
and 

(1.4.15) Sf (F 1>m (t,X),u) = F ijm (u,X) + F i+1>m (u, X) + o(x‘ m ), 

i = o,l,.. . ,r-l. 

PROOF : For r = 1, the result follows from Theorem 1.4.4. 

For a general r we proceed by induction on r. Thus assume that 
(1,4.13) holds for a particular r G IN. It is clear that the 
o(X* m ) term in (1.4.13) is a bounded function of u on (A»B), 
since all the other terms in (1.4.13) determine bounded fractions 
of u on (A,B). Thus operating (1.4.13) by S* we have 

A 

S* 3 ^" 1 '(f jU) = S (*) S* (F 1 (t,X),u) + o(X’ m ) 

A i=o 1 A * 

=*3^) [ F i>m (u,X) + F 1+ljm (u, X)] + S* (F rjm (t,X),u) + OCX 7 *) 

= S ('J 1 ) F 1|B (u,X) + [S* <F r(m (t,X),u)-F r)m (u,X)] + o(X m ). 
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But, using Theorem 1.4,4 vie can write 

K = f r,m,J (u) + „ ” . ** > a ’\> ^ + o(X* m ), 

a - i x a 

where ^r,m,j,£ ^ 9X9 certain functions depending on £ r>mj -j< 

Hence 


S X * ^r,m^ u >^ + . 2 X ^ 2 * f r,m, ;j,fc + 

«l r 9. X 


J=r a : 

= F r (U,x) + S ~ —^ - p(U) -4. o(x“ m ), 
* p=r+l X P 


uniformly on each compact subset of (A,B) where 


^r+l,m,p^ 11 ^ 2 

1 J+fc=P 


L r,m,J,a 


Cu) 




writing 


m 


F r+l,m^ u,x ^ = 2 , 

* p = r+1 


f r+l,m,p (u) 

V* " 


it follows that Theorem 1,4.7 holds for r + 1. 
This completes the proof. 

i.5 §i mm . jm smmM 


For the sake of completeness, in this section we state 
several results on the simultaneous approximation property 
of exponential type operators. Later in Chapter fyve shall 
prove much more general results than those of this section 
and for this reason formal proofs of the results of this 


section are emitted. 

THEOREM 1.5.1 * If i 6 IN , f € D^A,B) and f< m) exists at a 
point te (A,B) , then 


o( X“ m ) 


(1.5.1) lim S (m) (f,t) = f< m )(t). 
X -*oo X 
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Moreover, if f(m) exists and is continous an <a,b> then (1.5*1) 
holds uniformly in t £ [ a,h] . 

1BBQBJ3£ 1.5.2 : Let i£ IN, k £ IN 0 and f £ D f (A,B). Then, 
if f(2k+BH-2) exists at a point t £ (A,B), there holds 

(1*5.2) lim X K+1 [s(>)((,l!,t)-f(')(t)] = S QU,fe,m,t)fU) (t ) 

X-* OO A j=m 

and 

(1.5.3) lim x k+1 [ ^ m Hf,k+l,t)-f^ m )(t)} = o, 

where Q(j,k,m,t) are certain polynomials in t. Also, if 
f (2k+m+2) ex i s -t s and is continuous on <a,b> , then (1.5. 2-3) 
hold uniformly in t £ [a,b] • 

THEOREM 1.5.3 : Let m 6 IN, k £ IN°, o < p < 2k+2 and 
f 6 D y (A,B). If exists and is continous on <a,b>, 

then for all X sufficiently large 

(1.5.4) ||S< m) (f,k,t)-f (m) (t)l| < maxtcx"^ 2 a)(f (ln+p) ; X" 1 

C[a,b] 

C f X~ (k+1) }, 

where C = C(k,m,p) and C* = C'(k,m,p,f) and uKf^P^jd) 
denotes the modulus of continuity of f^^P^ on <a,b>. 

The inverse and saturation theorems are also true in 
simultaneous approximation by (f,k,t) and are as follows s 
THEOREM 1.5.4 t Let m e IN, k £ IN°, o <«< <2 and f £ D^UjB). 
Then, in the following statements, the implications (i) => (ii) <=^(i 
(iv) are valid : 



31 


(i) f< m ) exists on [ a-^t^ ] and 

(li) f (m) £ Liz (°<,k+l ; ^,t^) J 

(iii) (a) If m' <°<(k+l) < m»+l, m r = o,l,2,...,2k+l, 

then exists and £ Lip (°c(k+l)-m* j^,^), 

(b) if °<(k+l) _ m *+l, m t _ Qj i ><##) 2k, then f( m * +m > 
exists and £ Lip*(l; ag,^) $ 

(iv) l|s( m >(f,k,t)-f( m )(t)|| = 0 (X*" ,SL % fl \ 

C t%> b 3 ] 

T HEQflEM 1 . 5.5 : If S x are regular, m £ IN, k £ IN 0 and f £ D /A,: 

then, in the following statements, the implications (i) »> (ii) *> 

(iii) and (iv) =* (v) =»> (vi) are true : 

(1) f< m ) exists on [ and 

k+1 . 

|s ^ (f,k.t)-f<-)(t)| = o<i) , 

(ii) f(iWl) 6 A.O. ] and , 

(111) l k+1 ||sj m) (f,k,t)-f(«)( t )|l r _ .0(1), 


(Iv) f( m ) exists on [ apb_ ] 


0 t 


X k+1 sup 


|S Cm) (f,k,t)-f ( “)(t)| = o(l) ; 


“ »e [^ b i] ' ' ’ 

(v) f £ C 2 ^ 2 [^.bg] and 2 Q(l,k,m,t)f (i) (t) . o, 

i=m 

t£ l ^ ,b 2 J Q(i>k,m,t) are the polynomials 

oc curing in ( 1 . 5 . 2 ) 5 

(vl) X k+1 |(S< m >(f,k,t) - f(“)(t)|| =0(1). 

C[ %>V 
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Finally we establish a Lorentz-type lemma for the derivatives 
of the kernels W(X } tju) of exponential type operators* 

LEMMA 1.5.6i For each k 6 1° , there exist polynomials (t) 
in t which do not depend on u or X such that 


k tf(X,t,u) = Q^CtjU, X) W(X,t,u)> 

: tkl 

/ *■ ,, % \ _ n i + .1 y . v i 1 (t) 


where Q k (t,u,X ) = 2 X 1 +; 5 (u-t)^ 


2 i+ 3 <k 

i»j>o 


(p(t )) 1 




i Suppose that the result is true for k. Then by the induction 


ibvnothesis and (1.2.3) 


->k+l 

k^X W <X ,t,u) 

at 


-^(Q k (t,u,X ) W(x,t,u)) 


= (^- Qfc(t,u,x)) W(\,t,u) + Q^Ct^x) W(x,t,u)) 

= (~|r Q k (t,u,x)) W(x,t,u) + Q k (t,u*X ) -~j(u-t)W(X,t,u> 


= W (X , t,u) [ Qj^ttjUjX)) + (^(tjU, X) ]* 

last expression has the required form 


k, (t,u,l ) W (Xjt,u) = 2 X i+ 3 (u- 1 ) ^ ^ 

S' 1 21+3 <k+l k+n 

i,3>o (p(t)) K1 


c (t) = q S-i (t) - k 


W Q 12) * 


uS - u+d 4?? i+i ct)} p(t) » 


2 i+j < k+ 1 , i , 3 >0 , 
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Tkl 

with the convention that q* * (t) = o if any one of the 

i 0 

constraints 2i + J < k and i,;j> o is violated. 

Hence the result is true for k+1.' For k « o, the 
result is trivial. Therefore, by induction, the result 
holds for all k. 



CHAPTER 2 


ORDINARY APPROXIMATION WITH GENERALIZED 
MICCHELLI COMBINATIONS 

2.i im om sm 

Micchelli [28] considered the operators T Q ^ k defined 
by [I-CI-Bjj)^] , where B Q are the Bernstein polynomials and 
obtained the following direct and saturation results s 

||T nk (f)-f|| * |<2 k -l) cc(f 5 n-VS> ; 

’ c [o,H 2 

1 1 T_ T (f )*-f 1 1 . * 0(n“< k+1 ),if f C2k+1 ^e up(l; [o,l 

n,K+i C [ o, l] 

If + oCn-Ck+l)), 

uniformly for x £ [ o,l ] then f,f f( 2k+1 ) 6 C(o,l) 
and A k f| where Af(x) = gx(l-x)f*(x), has a continuous 
extension to [ o,l ] whose derivative is in Bip^j 1 i 

If 1 1 T n k+1 (f)-f|l = o(n“^ k+1) ), then f is 

n } K.+1 c [ o,l] 

linear on [ o,l ] . 

The proofs of (iii)-(iv) were obtained by the 
semi- group method. 

In this chapter, we study a generalized Micchelli 
type sequence of operators S Xjk>ffi (. } t) constructed from certain 
linear combinations of iterates of and obtain seme what more 
general results than the above. Vfe also study inverse theorem 

for s x,k,m<->t). 


(i) 

(ii) ' 

(iii) 


(iv) 
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2.2 DEFINITIONS AND BASIC RESULTS 

define the linear combinations 


iterates of S^ as follows s 


(B.2.1) s k (f,t) = 2 —izlfl 1 ( k t“) 

A»K,m r=1 mp(m,r) K r A 

for all k £ IN and m 6 IN°, where P(m,r) = is the 

r(BH-r) 

usual P function. It is easily seen that 


(2,2.2) s k (f,t) = k r (-1)“ ( k *“) sf(f,t). 

x,K,m r=m+l rtmH) rf-t*) ^ 

Note that an taking m = o, S^ k reduces to the Micchelli 

type combination [ I-(I-S x ) k ] ( f , t) < Also we have 

LEMMA 2.2.1 » Let k 0 3N , m e IN 0 . Then 


r+1. 


(2.2.3) ( k ^ m ) S x>kjl?+1 = [ ( |ftfl ) s x,k,m * s X,k+l,m3. 


,k+m> 


PROOF s The identities 
(2.2.4) (“) (“)- (“) (“) = 


nl ml 


rl si (m+n-r-s) 1 

_ ^m+n-r-s)} 
m-r 


, .m+n-r-Sv 
1 ' n-r } 


and 

(2.2.5) (?) - ( r ? x ) = ^ — (n-2r+l) 

r r A r! (n-r+1) I 

can he easily verified* Using these and the definition of 

S. v m » we have 
X»k } m' 

% _ 

k+m+l. _ .k+m, 

' m+1 ' s x»k,m '•awl' °X>k+l,m 
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_ k t l (-l) r+1 (mfr-l}i , /k+m+lx ,k+m N ,k+nu ,k+m+l N , „r+ m 
r=l mrc ' ^f { ( ^ } Ck ~ r) " Wl> (k ‘ r+l)> S * 

_ k ^ 1 (~l) r-fl (nH-r~l)l(k+tiri-l^l (k+m) 1 ^ ^2k-r^ _ ( 2k " r ) } gr- 
~r=l tn I (r fc l) I (m+1) ! (m+r ) I (2k~r) I k k ‘ 1 ^ 

k+l r+2 

- 2 (-1) (nH-r-l)l (k+m-l)l (k+m)&r-l) g r + m 

r=2 ml (r-i)I (m+l)! (m+r)Iki (k-r+l)l * 

= ( t+m) I <-n r+ 1 (nfr PI, (k+ia+i) i s * +m+1 

m r=l (nH-l)l (r-l)l (k-r)l (m+r+1) 1 A 

„ f k+ m N q 

" C m } S X>k,m+l> 


which completes the proof. 


M 


I pi 

For k 6 IN 0 . > the k-th order moment ^\,k of 
sP(p 6 IN) is defined by 

(2.2.6) vj^(t) = ((u-t) k ,t). 

It is clear thatJ^ (t) is a polynomial of degree < k in t. 
LEMMA. 2.2.2: There holds the recursion relation 

(2*2.7) J^Ht) =| o (‘) 'V -Jr A ^%.^n 

where D denotes the operator -^r* P £ ® k ^ * 

o t 

proof : By definition 

V^U) - S K <S^(<‘Ur*t) k ,U p ),t) 

= S^(35((^”Up +u p" t ) k > u p)>^ 
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= | ( j>V ( v t)3 s x au_u p) l£ " 3 >V >t) 

= £(^(2 3 £- [ yj- p l (t) ]) 

j=o J * i=0 il X>lC“J 


."^jo v l$J^ v 


^i+j 


Ct), 


completing the proof* 

COROLLARY 2.2.3 i For p e IN and k £ IN 0 there holds . 

(2.2.8) l[^(t) = OCX^^ 1 / 2 !). 

PROOF : For p - 1 the result is true from (1.3.3). Thus, 

assuming the result for a certain p vie have to prove it for 
p+1. Then, since ^^(t) = 0( X" ^ k 2 +1 ^ ) and v{^«,j(t) 
is a polynomial in t of degree < k-j # it follows that also 


* U^k-j^ 1= ) 


Hence, by Lemma 2.2.2, 
..[p+i] 


% ip (t ) = 0( 2 2 

x }K J=o 1= 


k k-j _ ( k-.i+l. ] - [i±i±i] 


) 


k k-j 

= 0( 2 2 X 

j=o i=o 


- [ ^ , 


= 0(x" ), 

which completes the proof. 
LEMMA 2.2.4 s For k,a £ IN and m € XN°, 

(2.2.9) S x>fe>m ( (tt-t^ ,t) = 0(X” k ). 
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EflQQI 1 * Suppose the result holds for some m and for all k. Then 
hy relation (2*2.3) , It is clear that it also holds for m+1 
and for all k. Therefore it is enough to show (2*2.9) for 
m = o and for all k. 

For m = o, (2.2,9) reduces to 

(2*2.10) s x,k j0 ^ (U”*) >*) * [l-(I-^) k ] ((urt)*,t) 

■ 0 ( -V* 


Suppose that (2.2.10) holds for some k* Then, by 
Lemma 2.2.2, 

[ i - d - s . ) k+1 i (( u - t /. t ) = s * « u - t )* f t ) 


fc+1 r+X k+1 ^ o ^*3 *i * fr-il 

< . > 3 5 0 <?>£. -h V+J (t) 


r=l 


r=l 

‘*k- 


- I ^ SKI ^ ^ D 1 & *»*,**) 


t-i 


i 

2 
3=0 


I=o- 




<t) 


1#1 p+i o 3 •* jt 3 

* + r?l <_1> Ojfo ( j ’ Jo 'k 


==[l-(I-£p k ], v ((u-t) ,t) 


A jt fc”3 
+ S ( i ) 2 
3=0 3 1=0 


il 


D 1 ( 2( - 1 ) r+2 ( k ) j C t) )v, . < * < ( t ) 


r=l 


X,i+3' 


= [I-(I-S x ) k ] ((u-tf ,t) 

- I (S ^ JL. D i ( [ 1-CI-S. ) k ] ((u*t) A ”*^t))v. i+ .(t) 
j=o 3 i=o 11 - A A,A J 

= - S -jj D l ( [I-(I-S^) k ] Uurtf ,t))V Xu (t) 

-^( J ) ^ ^ d l ( [ i -( i - s x ) k 3 (( u - t ), t )) w x ji + j ( t ) 

9 - 0(X~^ k+ ^) (by Corollary 2*2*3). 
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Thus the result (P.2.10) also holds for k+1. For 
k = 1, it is true in view of Lemma 1.3.3* Hence* by Induction 
it holds for all k. 

This completes the proof of Lemma 242.4* 

Throughout this chapter Y denotes a common GTF 
for the operators Sj^, S^ + ^, . . . ,S^ +m+ ' L . We note that the 

oj 

function (l+t ) » N >o is always such a GTF. 

In the following theorem we prove that S^ jkjm ( . »t) 
is an approximation process for all functions belonging to 
E^(A*B) • 

THEOREM 2.2.5 : If f 8 D^(A,B) aid is continuous at a point 
t 6 ( AjB) * then 

(2.2.11) Urn SL k _(f,t) = f(t). 

Further, if f is continuous on <a,b> then (2.2.11) holds 
uniformly on [a,b] . 

PROOF s To prove the theorem, it is sufficient to show that 
< a > = 1 


(b) lim S*(f,t) = f(t), r = m+l,BH-2,...,k+m, 

X-* oo A 

if t is a continuity point of f and uniformly on [ a,b] If 

f is continuous on <a,b > . 

To prove (a), assuring it to be true for a certain 

m and all k* by Lemma 2.2.1 ve have 




, k+nu "1 

V m * 


[ ( 


k+m-t-1 

mfl 


) - 


,k-HHx -i 

Wi ; J 


SS 1; 



and therefore it holds for nH-1 and all k. Hence it remains 
to show that it holds for m = o and all k. But 


s x,k,0 (:l > t) = [I-U-S x ) k ] ci,t) = l, 

since S^(l,t) = 1 for all p £ IN. 

The proof of the statement (b) easily follows from 
Corollary 2.2.3 and the Schwarz inequality along lines similar 
to those of the proof of (1.4.7). 

2.3 DIRECT THEOREMS 

First of allwe establish an asymptotic formula for the operato 
^X,k,nT 

THEOREM 2.3.1 * Let f £ D y (A,B). If f (2k) exists at a point 
t£ (A,B) > then 

(2.3.1) lim X k [ S k (f,t)-f(t)3 = S Q( j,k,m,t)f^3(t) 

X -* oo AJ 

and 

(2.3.2) lim X k [ S . (f,t)-f(t)] = o, 

X-*- oo A>a+x,m 

where Q(j,k,m,t) are certain polynomials in t. 

Further, if f^ 2k ^ exists and is continuous on <a,b> 
then (2.3 .1-2) hold uniformly on [a,b] . 

PROOF x By the Taylor expansion of f (u) about u = t, have 


x fc [ S 


W 1 1 

C 

1=1 S X,k,M ((u * t) > t} 

*, 

kt-m. 




k k 
+ x K z 


1 -jaSr- ® *rw><-<>“.*> 

II + I g , say, where e(u,t) * 6 as u-» t. 
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Let us estimate 3^ first. Since ^ kjm (u,t) = t 
(which folio vs along the lines of the proof of S, , (l,t) = 1) 

X j K j 111 

by Lemma 2.2.4 



2k (£) 
2 -X 
1=2 


77^ 

Q(i.,k,m,t)f^)(t) + o(l), where Q(jt,k,m,t) 


j 


is the coefficient of X~ k in ^ C(urt) A ,t). 

Sine© £(u, t) -*■ o as u-*t, so for a given £ >. o 
there exists a 6 = 6(£)> o such that |£(u,t)| < £ whenever 
|u-t| <6. 

Now, if X (u) is the characteristic function of 

O 

the interval (t-S,t+6), we have 

1^1 < * k "Fi^FT O s" m (|e(u,t)|(u-t) 2k x 6 ( u) ,t) 

+ * k s — 4 — r c£S) sj +m (|ecu,t)|(urt) 2k a-x 6 (u)),t) 

p-1 mp(m,r) “■ r A 


= I 3 +I 4 » say. 


Then, 


Io < sup j£(u, t)| X k [ 2 ay »yy ■■ ( £;)] max [S* +m ((urt) 2k , t 

^ | u-tj < 5 r=l k r l<r<k A 


< £ X k = M £ (by Corollary 2.2.3). 
X K 


Also, for an arbitrary p( £lN)>k, using Schwarz inequality 
and Corollary 2.2.3, 


14 


< 



r=l 


1 /k+ffix c r+m ( H«y(u)(u-t) 2p 

m^(m,r) v k-r * fi 2p-2k 


*t> 



I 
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Thus I4 = o(l) and therefore in view of the arbitrariness of 
6 > o we have |lg| * o(l). 

Combining these estimates of and ig, (2.3.1) follows. The 
assertion (2.3.2) can be proved along- similar lines by noting 
that S X)lc+1>m ((u-tf ,t) = 0(X-^1>). 

The second assertion follows due to the uniform 
continuity of f^ 2 ^ on [ a,b] (enabling © to became independent 
of t€ [ a,b] ) and the uniformness Of o(l) term in the estimate 

AT 

of l x i because, in fabt it is a pdlyhfcmial in * and t). 

This completes the proof. 


In the next result we obtain an estimate of the 
degree of approximation by for smooth fractions. 

• THEOREM 2.3.8 i Let o $ p < 81c, t 6 D ? (A,B) and f<»> exist anfl 
be continuous on <a,b>. Then, for all X sufficiently large, 

*n 

there holds 


(2.3.3) S. k ff,fc)-f(t)|j r <max{C X ^ e (f (p) * 1 ^ 

C [a,bj ~ . k 

C*X k ) , 

where C * C(k,m,p), C* « C* (fc,m,p,f) and (a(f^^$S ) denotes 
the modulus of continuity of on <a,b> • 

PBQQF 1 Proceeding as in the prodf of Theorem 1*3.9, by 


Corollary 2.2*3 and Schwarz ine<3Uality we have 

(s.9,4) {8^ fc ^KS»*k0i5.<T, r ^ s »(f (p) ir 1/s ) + c 3 r <k+1) 


where F(u, t) 


end %. does not defend on f. 



43 


In view of Lemma 2.2.4 


(2.3.5) 8^,^ = 0(x‘ k ), 

uniformly in tG [a,b] . 

Now (2.3.3) follows from (2.3. 4-5) completing the proof. 
2.4 INVERSE THEOREM FOR S X)k+ljB (.,t) 

This section is devoted to the proof of the 
following inverse theorem for the operators fc+i m (k € 3N°). 
THEOREM 2.4.1 : If o < °( < 2 and f G Dy(A,B), then, in the 
following statements, the implications (i) ^ (Ii)<**>- (iii) (iv) 
hold s 

(i) t |'fa 1 ,b 1 ] |S ^.M.m (f,t) ' f(t)| = 0(X^ (k+1)/2 ); 

(ii) f £ Liz(°(,k+l;^,t^)5 

(ill) (a) If m* < °<(k+l) < m»+l, m* = o,l,...,2k+l, then f 1 ^ m1 > 
exists and £ Lip («(k+l)-m* ; ag,!^), 

(b) If <*(k+l) = m l +l, m* = o,l,..., 2k, then f 
and £ Lip* (lS9g,hg)5 


^ m * ^ exists 




= o ( x^ k+1 > /2 ,. 


C E ^3» b 3l 

Before starting the proof of Theorem 2.4.1, we first 
prove two auxiliary results. 

lemma 2.4.2 : Let A < a < a* < a" < b H < b* < b < B. If f € 0 o 
with supp f C [a",b«] and 


(2.4.1) 


S. . - (f,t)-f(t)Jj 
X n ,k+l,m C[a,bJ 


. M ^(k+D/2 
< M , 


*n 
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n = 1,2,. •• where M is independent of nj then for all X 
sufficiently large, 


(2,4.2) KUjfjaSb*) ^ Mj. x'^^+D/ 2 + X k+1 £ K(X~^ k+ H f-jaSb*)^ , 


where M 0 is a constant. Consequently, K(5,fja f ,b*) < f^ 2 , 

for some constant i.e., f £ G 0 (°<,k+1; a* ,b' ). 

PROOF * To establish (2.4.2) it is sufficient to show that 


(2.4.3) K(5,f;a',b‘) < M [ X n 


-«<(k+l)/2 k+1 


^ +1 5K( )T n (k+1) ,f;a',b') l , 


for all n sufficiently large. This is because for each X 
sufficiently large we can choose X n .^ and x n such that X n _- 1 _ < x < X ni 
Now, since [ a H ,b n ] r (a 1 ,b' ) therefore we can choose a 

a OO 

6> o such that (a^Sjb^SS)^ [ a* ,b‘] . Let g 6 C be such 
that g(t) = 1 on [ a M -26,b*f2d} and g(t) = o on (A,B)\(a' ,b* ) . 

Defining 11. to be equal to g(t) S (f,t), h £ G(a* ,b') 

71 Xjj ,k+l,m n 

Let S denote the set [a,b]\^(a H -25,b*4-26). It t £ S 

and X_(u) denotes the characteristic function of (t-6,t+6) 
o 

then, since supp f c\ [ a tt ,b M ] , for all u £ (A,B) 
f(u) = (1-X 6 (u))f(u). 

Hence, for any p ( 6 IN) >.2k+2 vfi have 


| f (u) 1 = (l-Xg(u)) | f ( u) | 

< |f(u)| 

— o 

< M L (3Ei) 8p «u), 


where is a constant 
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Now, with t 6 S and U o,l,2, . .. ,2k + 2, by Lemma 1.5.6 

l S l A k + l,m (f >^l 

< k s 1 i Mw-i B as 

- T -\ mp(m,r) k-r+1 ^ (X, t,^^) J . 

.S r x + “-l(if(u)|, Wl )d Wl 

< 2 1 ,k+m+l. r+sl ^ ? a , Ct) | g 

* r=l “P(m,r) ( k-r + l ) 2r ? +s ,\ £ (p(t)) x X A W(Xj t>u r+m-l> 


r Ss'> o 


• iW‘l 5 ' C”* 1 < ^»-‘) 2 '»,„, Wl ) 4Vi , 

But, by Schwarz inequality 

W(x, tjUp+ju^) |% +m -i-t| s a^~^ 1 (<x>-t)^ J((u),u t+i ^j t )du r+ 
< (^a,t,v ra -i> s r x +m ' 1 (t 2 (u), Ur+m . 1 )d Wl ) 1 <' 2 

. (/ A W(X,t,u r+m _ 1 ) (% +m .^-t) 2s S^ +m " 1 ((urt) 4p ,u r+ni -i)du r41 
= (S^C^CuJjt)) 1 /? 

.( u r +m-l)( u r+m- 1 '’ t) 2s * ^ +m ‘ 1 ((«-t) 4p ,u p+m . 1 )du; 

Now, by Corollary 2.2.3, 

•f A ^ ^*^»%+m-l^ u r-+-m-l" t ) 2s s x +m ■ L (( u “‘ fc ) 4p >^+m-l)du r +m-l 

" |!o ( ? 4 f o 1 -£r 


Jto , [ r-wa-lL . . . , 

* D ^X,4p~^ t))d VHB-l 
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.An. \ X [r+ffl-l] 

= JL = 0 *1 4=0 “v D (V MP-*i (t))u X,Ss'+)l 1 +«2 (t) 

4p- Jk+1 2 s , + JL+%>+1 

4p 4P-&X _r 1 i r ± I 

= 0(2 2 X L 2 J L 2 J ) 

JU=o Ag=o 

4p+2s' + £o+l 

4p4p-« 1 r I 

= 0(2 S x 2 - 1 ) 

£^=o JZ.g= 0 

= o ( x- ,, 


uniformly in t 6 S. 

It follows that uniformly for all t 6 S 

|S, (t) „ , (f.t)l = o (X' (lc+1) ), te o,l,...,2ta-2. 

A nt iC+ljm 

Consequently, since h^t) coincides with on 

[ a"-25,b n 4-26 ] »© have for i = o and 2k+2 

(2.4.4) ||hl i) (t) - (f,t)|i < Vn Ck+1) » 

n >£,K+l,ffl c [ a ,h]“ * u 


for all n sufficiently large. 

Since 6 G(a‘ ,b’) therefore by (2.4.4) 

k U , r „■ ,b<) <{|| f A l I fV + «l I V 1 0 1 a . fb , + l >*£ 


(2k+2 ) 


<{ Hf(t)-s x k+1>m (f,t)|| 


C[a»,b«] 


+ W s \ ■ 


X n ,k+l,m 


(f,t)-h n (t)[j 


C [a* 


+ £ (H h n(t)“ S > njl£+ i, m (f , t)li c j- + ^ S X n ,k+l,m (f,t)|, c j- a t >b »; 

+ |lhl 2k+2) (t)-S (2k+2) (f,t)|| + IIS^ 2 ^ (f,t)H ) 

11% v ‘ w X n ,k+l,m C[aSb«3 '^n»k+l,m eta 1 , 

< 3Mj,C (k+:L ^+Hf(t)-S (f,t)H I 

* X n ,k+l,m C[a*,b*l 


♦5[ IIS, 


%)&*•!, m 


(f,t)U 


C ta*,b*3 


jjg(2fci-2) (f t) 1 1 

n %,fc+l,m v 


C [ aSbM 
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NOW) for each g £ GCa’jb 1 ) ye have 


II s , w,' < lls. , . (f- g ,t)|i 

Xj^jk+Xim C[a* jh 1 ] “ X nJ k+l,m. C [ a 1 ,b*] 

+ llS , i«.i m ( s»t)| | 

X n ,k+l,m c[a‘ ,b’] 

<%llr-gll , + m l| g || 

C[a',b»] 4 C[a',b«] 

since supp (f-g)c [a* ,b'j and suppgcnfa 1 jb’j , where and M 4 
are certain constants. 

Hence, it is enough to show that there exists an M c such that 
for each g £ 0 (a* ,b’ ), 

r , < « X k+1 { llf-gll 

A,K A,m C[a‘,b»] 6 C[a*,b»] 

+ x -(k + 1 ) 1 | g(2k+2 )|| }- 

C [ aSb*] 

We can write 


C [ a* ,b* ] 

k+1 , _ N r+l - 2k+2 _. m 

2 (^ +nH *?-) — 3 s^ +B1 (f-g,t)U 

r»l mp(m,r) k-r+1 at2k+2 x 


C[ a*,b*] 

2.4.5) k+1 (-l) r+1 ,k+m+l* d 2k+2 *r+ffl/ 

11 T h mP(S,7T ( k-r+1 dt 2k+2 * <g^)ll 


C[ a' »b* ] 


* + I ? > say. 

shall first estimate 1^. By Lemma 1.5.< 

✓ k T X 1 — /k+m+lx . 

- r _^ mp(m,r) ''k-r+1 ; 


2k+2 

Ml S f^ W (f(u)-g(u),u r+m . 1 ),t)| | 

d t X A 


c r a* .bn 
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< 2 1 ( k+m+ l)|| s 

“ r=l mp(m,r) k “ r+1 pi+j<2k+2 

B 
A 


, [ 2k+2 3 , , 

^ Ai A 


<p(t)> 


2k+2 


/ W(i * ^r+m-1^ l u r+m-l”^l ^ S^ +m ^ 


(|Cf-g)(u)[ ,u r+m -i)di^. +m -x|| 


qua 


k 2 X _ ... 1 y 

' k— r>4- 1 ' ^ 


M3 


< llf-gll ~ — vv 1/ ^ 

c [a* »b’] r=l mP(m,r) k “ r+1 2i+j<2ta*2 

, [2k+e] i,r>o 

lO-i-j (t)| g “ 

*11 * pk+2 ^ dl *p+m-ll I r 

(p(t)r k+ C [ a 1 >b l j 


since supp fi, ;supp gr [a‘ ,b f ] . 

Hence, by Schwarz inequality and Corollary 2.2,3 

where Mg is a constant independent of g. 

To estimate Ig, first notice that 
(2*4-6) /f / k \x, tjuKu-t^du » o for k>i. 

*2 -< £ 

. ^ +m_1 (g(u),o r+m . 1 )d Wl | i c t a _ >bi 3 

Now, by Taylor’s expansion of g, we have 
1 1 /? l/ Sk+2 5 ( X , t, Ur+m-i) ^ + “’ 1 Cg( u) . % +m -i ) <HW-i i I r j 




C[a’,b1 


AA i l( u - t )g^, Wl ) 4’WllL r a . b »i 

(2k+2)l -I ' T 1 ’ J 

• lies between -u and t$ 
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= iu| «< 21t+2 > 

cX+m-l, g(2k+2) ( 5), ,,2k + 2 

' * ( (2k+2)I (U ' 5 > u r + m-l) du r + m-lil c[a , )bl] Cby(2.4.6 

[ 2k+2 ] 

t II 1 jy rB TT /, 4 . \ i , 3 

- 2i + J <2k + 2 X (p(t)) 2k+S J A W < x > t > 1I r + m-l )|u r +m -l- tl * 

i, j >0 

•sT"" 1 < 1 1 


(2k+2)l 


- (2k*2)l 


j g (2k+2)j j 


G [ a 1 jb l ] 2i+j<2k+2 

i>f>o 


C[ aSb‘] 
(by lemma !*&»$) 


(P(t)) 

1/2 / -B 


2k+2 




(applying Schwab z inequality twice) 

< u 1 1 g (2k+2) j | } by Corollary 2.2.3, 

- 7 G[a*,b*]' 

Hence , 

I < M 8 l|g (2,w2) ll ■ • 

2-8 C [ a* ,b*3 

Substituting the estimates of and I g into (2*4*5) we obtain 
(2*4*3). 

fbe rest &•'$». prebf follows along Lorentz [5]. 
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LEMMA 2.4.3 * Let a < a* < a M < b M < b’ < b. If f 6 G 0 
with supp tC[a“,t>"] and f £ C 0 («,k+l;a’,b’) then, for all* 
sufficiently large 


< MX 


-c<(k+l)/2 


( 2 . 4 . 7 ) iis Xik+ i, m a.«-f(«n c[ajb] < 

PROOF : For g £ G(a' »b’ )» have 

HSx.k+l.m^*^' 1 ^ 1 ^ [a)b} 

< H S X,k + l,m (f - g ’ t)ll c [a.bf " S X.^ (g,t) ' f(t)11 0 [a,h ] 
= I 1 +I 2 ,say. 

Clearly, < ^1 |f-gl l ■ > sinoe supp(f-g)C[a' ,b«l • 

We estimate I 0 as f ollovLV ’ By Theorem 2.3.1, * hare 

h i , c,i + " S X,k+l,m Cg,t> ' g(t)ll C[a',hf] 


C[a' ,b f ] 

-(k+1) i U U>H 

- <llg * f|l C[a',b-] + V 

51 ' g ' f ' ' c[a' ,b'] + % X ’ (1&1)( ' ' 8i ' °t a ' + ' ' 8<2k+2) ' i01 a ' ’ b ' 2 

where is another constant. 

Thus, since f € C 0 («,k+l;a',b') we have 

. ,-(k+l) f . a t b’ ) < McX"^^' 1 ' 1 ^ 

HBx.^^^'U^r 4 

This completes the proof. 
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PROOF OF THEOREM 2,4.1 : To prove the theorem it is enough to 
show that the implications (ii) -Kiv) and (i)=> (ii) hold, 
the equivalence of (ii) and (iii) being well known. First 
let us assume (ii). Let a*,a n ,b’,b n be such that a^ < a' < a” < a^ 
and hj < b** < b T < tv,. Also, let g £ be such that g(t) = 1 

on [a n ,b"] and supp gct a ‘ ? b ’] • Ihen, since f £ LizC^k+ljag ,b 2 ) , 
also fg £ Liz (^jfeH-lj Now > since supp fgdCagjbg) by 

Theorem 1.3.6 and Lemma 2.4.3 

c t%»M 

Consequently, since g(t) = 1 on [a",b M ] and [££*t^]C.(a n j b ") 

(2.4.8) ||^ >k+ljm (f g ,t)-f(t)|| c ^ iig] = 

Hence, it is enough to show that 

(2. 4.9) | l s x,k+l,m( fg, t)~S x ,to. ljm (f>t)| = o(X 

For this, if we choose 6 < min {s^-a", b"-!^ )and let x(u) 
denote the characteristic function of (AjB^Ca’Sb"), then 


1 l s x ,k+l,m^8“ f H u )>t) 


G [ a 3> t> 3l 


k+1 

< ^ 5R | T7r c^)ii s rM(fs- f Ku)i xcu>,tii o[%iV 


T feyx'PU*. 

* i A > i B <KJ 1 * , V 

*«. N. A (&Qf2 ‘ 
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p(£ HO > k+l is arbitrary. 
Thus, (2.4.9) follows. 
Consequently, 


where 


t IS ^ (f,t)-f(t)|| = 0(X -c< ^ +1 > /2 ), 

C[ 3g > bg ] 

proving the implication (ii)=^ (iv). 

Next, let us assume (i). Then since S^f are C°° fractions 
it is clear that f £ CJ[apbJ and therefore 

sup |fi , , (f,t)-f(t)| = ||S. , , (f,t)-f(t)|| .We putv= 

First we consider the case when o < t < 1. Let a-j_ < a* < a" < 
and bg < b M < b* < bj* Also, let g £ C 0 be such that supp gc[a",b rf ] 
and g (t) a 1 on * Then > x x^ u ) denoting the 

characteristic function of [a^b-^] , for t £ [ a^b*] , have 


s l n ,k + X,m‘ f 8*«- f 6(t) 

= ® >nJt+ i, m Cs(t)(f(u)-f(t)) ) tHS A k + i, m (f<“)feCu)-g(t)),t) 

2 4 10) 

=: S^ n ,lc+l > ni(g(t'^ (f (u)~f(b)),^t-S^lc+1 ? in(f (u) (g(u)-g( tSXj(u) t 

* 

+ o(X^^ + ^^) (by Theorem 2.3.1) 

= 1 x +I 2 + °^ ^ » say » 

where the o—term holds uniformly for t £ [a ,b 3 * 
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In view of (i), we have 


(2.4.11) | Hill < ||g|| ||£L 1 (f,t)-f(t)|| r 

C[a' ,b'] Cta'jb'] V ® 1 ’ 1 c[ a' 


= 0(ln V2 ). 


Next, by the mean value theorem 

I 2 = \.,k4-l,m< f < u V<l;)(u-t) xi(u),t), 

where £ lies between u and t. Then by Schwarz inequality and 
Corollary 2*2.3 


lUoll 


C[a' ,b'] 


k+1 
£ 2 


1 1 ^ 1 3 «»> 1 1 S’ ( « 1 1 XI U) . t) 1 1 a , 


- ' ' g ' 1 1 C [a- , b' ] ' 1 f 1 ' C[ a Xl bj C r=l TOT ( ^1 >] * 

' 1^1''^ “^C.b, 

< M)^ 8 . 


In particular, 


(2;4.18) ||Igl| 

S CU'.V] 
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Combining (2.4.10), (2.4.11) and (2.4.12) we conclude that 




= 0(x‘ T/S ). 


C[a',b«] 

From this in view of Lemma 2.4.2, fg £ C 0 ( c <|k+1} a' ,b ! ) and 
hence due to Theorem 1.3.6, fg £ Liz( c <,k+1; a* ,b* ) which implies 
that f £ Liz( c <,k+1; agjhg) since g(t) = 1 on [a^jbg] . Thus (ii) 
follows. 


Ifence the implication (i)=»(ii) holds if o <t < 1. 

Thus, to prove the implication for o <t< 2k+2, it is sufficient 
to assume it for x £ (p-1, p) and prove it for x £ [p,p+l) 

(p = 1,2,. . . ,2k+l). Hence we assume that f- £ [ p,p4-l) and (i) 
holds. Then, in view of the assumption (i)=>(ii) for the 
interval (p-l,p) and the equivalence of (ii) and (iii), it follows 
that exists and £ Lip(l-6 $ apb|) , for any interval 

t a i» b llCC a 1 >t> 1 ) and 6 >o. Let a£,b£ be such that [ a^bg] d(a^,bg 
and L ,bg^ci-( n^,b-^) • Let g £ Gq be such that g(t) = 1 on £^2*^23 
and supp gcuCa^jbg). Then, with X g (u) denoting the characterise 
function of the interval [apb£] , we have 


(S.4.13) < l|Sx a)k+ljm (g(t)(f(u)-f(t)),t)|| c ^ 

+ l|S Xn>k+1>m («u)fe(u)-g(t))X s (u), t )|| o[ ^^ + o(^ fc 
by an application of Theorem 2.3.1 to the function 

f(u)(g(u)-g(t)Xl-Xg ( h) ) • Now 
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I l s J n ,fcH,ni(s< t >(f(u)-fCt)),t) 




(8.4.14) <|| g || 




c 


■ °< x ; vs )« 


Also, using Jaylor’s expansion of f 


" S X n ,k+l,m <f(u ' (s(.u)-?<.fcj) JCg&O.t) I l i 


1 ^ c s + ^fcfir^n 


AH 


(2.4.15) 


(B(u)-g(t)) % (u),t)|| , (dying between u and t 

C i a 2> , y 


P -1 ^ ^ 

- 1 1 \ ,k+l,m ( f - £ i, (tl (u^t) 1 (g(u)-g(t)) x„(u),t)H 


<%*£ 


JL 


tlgli 


k+1 


,k+m+l. 


(p-l)l " °" c j- a* 9 lg] p= 1 m P(a>r) ^k-r+1* * 


lls^ m (|u-t|P f:L -« ) t)|| , 

0 t 


- I 1 + l 2 * say, 


where M is the Lip(l-$ $ apb^) constant for in view of 

Lemma 2,2.4 


(2.4,16) I * 0(Xn (k+1 >). 


Also, by Corollary 2,2.3 and Elder’s ineq uali ty 
l s = 0(X-^^V 2) 


as. S-V2 


(5,4.17) 
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on having chosen o < 6 < p+l-*( > o). 

Combining (2.4.13-17) we have 

= 0(Xi T/2 ). 

G L a 2> b 2J 

Since supp fgci^jhg), by Lemma 2.4.2 fg £ C 0 («,k+1, ag,^) , 
whence fg £ Liz(°c,k+1; a£,t£) (by Theorem 1.3.6). Noticing 
g(t) = 1 on it follows that f e Liz^jk+l;^*^), showing 

that (ii) holds* 

This concludes the proof of Theorem 2.4.1. 



In this section we prove a saturation theorem for the 
operators IN 0 ) assuming that are regular 

exponential type operators. 

THEOREM 2.5.1 : If S x are regular, k,m £ 3N 0 and f £ D^A,B), 
then in the following statements, the implications (i) ** (li )«"*■ 
(iii) and (iv) *» (v) «*■ (vi) are true : 
k+1 

(I) K1 ' l s X n ,ta-X,ni< f » l! >" f < t )l “ °<U} 

t etaj.,^] n ’ ’ 

(II) f< Sfc+1) £ A.c. [ag.bg] and f (Sk+2) 6 I« [ag.ty i 


(ill) X k+ 1 ||S. (f,t)-f(t)|| = 0 ( 1 )-, 

(lv) X ^ 1 sup , 1 ^ k+ 1 .(f,t)-fU)| = 0 ( 1 ) ! 

t £ [a^.b^] Vi** 1 ' 1 ” 

gjy,g 

(v) f e c slfif2 [ag.bg] and z Q( J.^l.rn.tJf^Ht) = o, 

j=2 
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t 6 [ ®2>^ where Q( jjk+l,m,t) are the polynomials occur ing 
in (2.3.1) ; 


m) x k+1 !ls Xik+1 , m (f,t)-f(t)ii = oci). 

PROOF : First let us assume (i). Then, as in the proof of 
Theorem 2.4.1 it is clear that f is continuous on [a^jb^] • 
Moreover, in view of (i) =s»(iii) of Theorem 2.4.1, it follows 
that f (2k+1 > exists and is continuous on (a^,b^). Let 
stl < < ag and bg < b* < b^ < b^. Then, can choose 

a function f* with supp f*c.(a 1> b 1 ) such that f*(t) « f(t) on 
[ a*,b*] and that f* is 2k+l times continously differentiable 
on (a-pt^). 

In view of Theorem 2.3.1, it is clear that 


(2.5.1) ll^ n , k+ i, m (f*.t)-f*(t)|| 


= o ( x; Ck+1) ). 


Olag’.b^] 

Let C 0 [apb^] denote the set of continuous functions q oc 
( A,B) with supp qcta^^jb^) . Then C^a^jbJ is a Banach space 
with the norm 


(2.5.2) ) | q| | = max |q(t)|. 

t COl’bx] 

Also, let C^(a|,b?) denote the space of infinitely 
differentiable fractions g cn (A,B) with supp 
Then there holds 

(2.5.3) X k+1 | < S x k+1 m (q,t)-q(t), g >1 < M |}q|l» 
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for all X sufficiently large, where M is a constant independent 
of \ * The proof Of this assertion utilizes the identity 


k+1 

(2.5*4) 2 


(“D /k+m+l\ i-r+m 


^ <T> - o, i < i < k, 


r=l mp(m 3 

which, however, shall be proved only in the last chapter of 
this thesis. Thus, assuming (2.5.4), on an application of 
Theorem 1.4.7 we get 

k+1 


x < S X,k+l,m (q,t) " q(t) » g * 

* xk+1 < <tf u > * ^k+l,m(s>u)-g(u) > 


k+1 


k+1 , , vr+1 . . r+m m 

( 1) / k+m+1 \ », /r+m> 


~(k+' 


X < q(u), 2 2 ("“) G* fc+1 (u,X)+o(X 

r=l mp(m,r) k ~r+l issl i i>k+i 

(the o-term holding miformly on [ a^,b^] ) 


k+1 


• >“ < «<">■ * -as ‘“'jn 1 ” 1 w- »*•»-« 

But ( j ± k+1 Cu,X) * 0(x“ i ) = 0(x"^ k+1) ), for i>k+l, and therefore 
(2.5.3) follows. 

LetC f 0 > he a sequence of 2k+2 times continuously 
differentiable functions on (A,B) with supp f 0 C ( a ^»h 1 ) 
and converging to f* in the norm |1.||, defined by (2.5.2). 

Then, for any g 6 each function f 0 , by Theorem 2.3.1 

we have 

,k+l 


3 i m 00 x < s x,k+l,m^ f c > 


2k+2 


(2,5.5) « < 2 Q(j,k+l,m,t) f^( t) ,g(t) > 

j=2 0 
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2k+2 

= <f,(t), Z Q*(J,fcfl,m,t)gCJ)(t) >, 

2k+2 

where Qjg^gCD) = ^ Q*( j,k+l^m,t)D^ denotes the differential 

operator adjoint to Q 2k+2 (D) = J Q(3,k + l >m ,t)D^. 

In view of (2.5.1), there exists a subsequence 

k+1 r q . ajp OO 

* *hp x n > t )”f*(t)] } p _ 1 converging to a function 

h £ I« [ a|,b|] in the weak*- topolbgy.of the spa« Xoo[^, 

Ifi» dual of this space being ^ , it follows, m 

particular, that 


(^5*6) lim \ ^ + 1 > « , 

p -* 05 ii ,k+l,m^ >i)"f (t)|^(t) *> 

P P 

= < h(tt,g<t) >, 

for every g e C*(i£,t£). 

By (S, 5-3) we Conclude that 

0.5.?) lim ^ | <S x ^, k+1)ffl )t Kf*{ t) .f o( 

< m| |r*-f CT | j . 

Henoe, by (S.S.7), (2.5.5) and (2.5t6)(in that ctderj 
< f*Ct),(^ lMS (D)g > 

V>co<V«. «a\ +2 0» g > 

“ a-V^oc < \.W,»«V 

- f*(t)-f 0 (t),g(t)> + <f # (t), ^ k+E (D)g >] 

' ““oo^P 1 < S X n ,k.+l,0< f *>«- f *(0»S(t)> 


< to(t), ff(t) > 


~W j» 
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Thus, 

(2.5.8) h(t) = Qg^CD) 
as generalized, functions. 

At this point we note that Q(2k+2,k+l,m,t) ^ o. To 
establish this, in view of Lemma 2.2.1 and Theorem 2.3.1, it 
is sufficient to show it for m = o and for all k = o,l,2,.*.. 
Equivalently^ we have to prove that for k = 1,2,.... 

lim X k [ I-(I-S x } k 3 ((u-t) 2k ,t) t o. 

X -*• oo 

But this is obvious since this limit is easily seen to be equal 

to (2k-l)I I p k (t) which is non-zero. 

Therefore, regarding (2.5*8) as a first order linear 

* (2k+l) 

differential equation for f with the non-homogene ous 

terms linearly depending on f*^, o < i < 2k and h with 

polynomial coefficients, as f*^ 8 C[a 2 »b^] fo<i<2k) and 

h 8 I<x? 3 vie c0nclude that f*(2k+l) £ a.C. [ a|»t£ ] and 

therefore that f*( 2k + 2 ) £ loo[a|,b|] . Since f = f * on [ ag,b 2 ] 

it follows that f( 2k+ D £ A.C. [agjbg] and that f^ 2kt,2) £ loot 

This completes the proof of the implication (i) “^(ii). 

« 

Now assuming (ii), it follows that f( 2k+ D £ Lip M (l|££,b 2 ) 
with M = j|f( 2k+2 )|J . Hence (iii) follows by 

Theorem 2.3*2. 

To prove (iv)=> (v), assigning (iv) and proceeding in the 
manner of the proof of (i)«*r-(ii), we get 


%k+2^ ?*(*) s °9 
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from which in view of the non-vanishing of Q(2k+2,k+l,m,t), 
(v) is clear. 

The proof of (v) *>(vi) follows from Theorem 2.3..1* 
This completes the proof of the saturation theorem. 



«£3 


SIMULTANEOUS APPROXIMATION WITH GENERALIZED 
MICCHELLI COMBINATIONS 


3.1 i mwv&nw 

In the previous chapter we studied some approximation 
properties of the generalized Micchelli type combinations 
S. v The properties concerned the degree of approximation 

A ) K.5IQ 

of f by v mf* In this chapter we investigate similar 

problems Involved in approximating the derivatives f^ by 

S^P? f. Wa first establish the basic pointwis® convergence 
A, K,D1 

theorem in simultaneous approximation and then proceed to study 
the degree of this approximation, -wherein we obtain direct. 
Inverse and saturation theorems related with the rate of 
convergence of m f» 

3.2 BASIC RESULTS 

In the following theorem, we show that the 
derivative sj^ jm f is also an approximation process for 
THEOREM 3.2.1 J Let f £ Dy( A, B) and k, p £ IN. If f ^ 
exists at some point t£ (A>B), then 

(3.2.1) lim sjifi m (f,t) = f (p) (t). 

Further, if f^ p Ht) exists and is continuous on <a>b>, then 
<3.2.1) holds uniformly on [_a,b ] • 
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PfiOOF s To prove the theorem, it is sufficient to show that 
for each r £ IN, 

(3.2. 2 ) Xim D P [sf(f,t)] = f<P>(t) (D=4 t) 

X -* oo > at 

and that it holds uniformly in the uniformity case. 

We can write 

I^t s£(f,t)] 

= X® W^U^u^) S^“ 1 (f,u r . 1 )du r . 1 
= X B a W^ p Hx> t,u r _ 1 )sj" 1 (^2 % 

(where £(u, t) -* o as u-* t) 

* I J A W^PHxjtjUr-].) S^" 1 ((urt) i ,u r . 1 )du r _ 1 

+ X A X,t,u r . 1 )Sj“ 1 (e(u,t)(u-t) p ,u r . 1 )du r4 . ;L 

= 1*^ + l 2 > say* 

Let us estimate 1-^ first. By Lemma 1.3.3 it is clear that 

X 1 * J a 

= d£liil D p [sf(uP,t)] 

Pi ^ 

Now applying Theorem 2*2.5 it follows that 
i 1 - f(p)(t) Ss X '* oo* 
we estimate I 2 as follows s 
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Since £(u, t) -* o as u ** t, lienee for any $ >o there 
exists a 6 = 6(£) > o such that |6(u, t) J < 8 whenever |u-t| <5. 
If Xg(u) is the characteristic function of the set 
{u£ (A,B): ju-t| <6 > then, 

U 2 1 < X® |W^)(x,t,u r . 1 )| [ sr- 1 (|€(u,t)||virt| p X 6 (u),u r . 1 ) 

+ s x~ 1 X|£(u,t)| |«-t| p (l-X 6 (u)),!^^) ] au,.^ 

= I 3 + I 4 » say. 


Then, using Lemma 1.5.6, Schwarz inequality and Corollary 2.2.3 
we have 

1 

i 3 .< e i — _ s B w(x,t,u T . 1 )|u r . r t| J . 

si+j<p (p(t)) p A -T 1 -T X 

i,d>p 

♦ [ Sj^Uu-t) 25 ,^^) ] 1/2 


<62 X 
" 2i+ j <p 


i+ i |q[?(t)| r 21 1/2 

' ° U [(%((u 3 >«) - 


(p(t)y 


. (s£«»-t) 2p ,t)) 1/s ] 


£ e.o(i). 


Also, introducing the GTF f, hy Lemma 1.5.6 we get 

|» p j| 

I £ 2 X i+J J? 

4 2i + J<p (p( t )) P A 

i> 3 >0 

. s r-l ( M y(tt)(u-t) 2m ! 

* X 2m‘-p 

6 v 


>«r-l) d %-l> 
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where M is a constant and m f (£lN)> [p/2] is arbitrary. By 
an analysis similar to that of the proof of Lemma 2.4.2 we get 
I 4 = 0( ^P- 8n,, ) /2 ). 

Thus, I 4 = o(l). 

Combining the above estimates, in view of the 
arbitrariness of 6 > o, the first assertion of the theorem 
follows. 


To prove the uniformity assertion, it is sufficient 
to remark that 5(6) in the above proof can be chosen to be 
independent of t 6 [a,b] and also that the other estimates 
hold uniformly in t 6 [ a,b] . 

Next, we establish an asymptotic formula. 


THEOREM 3 .2.2 s Let. f 6 Dy(A,B) and k,p 6 IN. If f (2k+p) 
exists at some point t6 (A,B), then 


(3.2.2) lim X k [ S^ m (f,t)-f (p) (t)] = 


•* oo 


2k*p 

2 


QC J 


,k,m,p,t)f ( ^| 


and 


(3.2.3) 11m » k [si p ' =o, 

where Q(j,k,m,p,t) are certain polynomials in t. 

Further, if f(2k+p) exists and is continous on <a,b> then 
(3. 2. 2-3) hold uniformly on [a,b] • 

PROOF s Using a partial Taylor expansion of f,ve have 

k 

2 ^ 

X,k,m' 7 r -l mP(m,r) k " r 


S (p >. _U,t> = 2_ i; 1 ^ 1 j| W (p) a,t,m r+n .i)- 


r+m-1 

* i=o ii 


S ATIJU A f ~ 

n \ ^ 


+ 6 ( u, t Hu?* t) 2k+ p , ^ +m _ i ) ^+(0-1 » 
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»0V, with D a byLemffla 1-3 _ 3 


I, = 2 


Sk+P _x£i2ua 1 


and Theorem 8J.i ^ have 


i=p 


11 I=o '* 


2 d) (-X,- ^ „ 


S t + P .U),^ i 


= i= P ■'ST LEi ,J 0 <!> (-D 1 " 1 i>P t * 


*=0 


{ j=2 ^ f QO»k,m,t)D J t £ ] + 0(1) ) ] 


2k+p (i) 

= 2 -ilixt: 


i=p ii 


Pl / (J) (-l) 1 ’ 1 (*) t 1 -' 

&=0 p 


+ X“ k 


2k+p 

2 Qfl.lr.m.v* x»(j). 


jf p ^3,k,m,p f t) f ( ^(t) + o(X“ k ), 
using the identities 

1 * n > i > p 

i.p ' 

proof of Theorem 3,2.3, 


2 (-1)* (i) (* 

,=o * P 

Next, with Xg(u) defined as in the 


t-o -*> <;> -f . nP 

' v ■*»/ j 


b y l>e mm a 1.6,6 ■we have 


1 1« | 


< 2 1 (k+itK i+j 

- r=l 5 ^T (k - r) 2 ^ Kp X -fejp- '! 

i» 3 >0 

• v „, w 


* T rt|Kw *M*’«' V«>. W1 


* *3+ *4> say. 
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Then, as in the proof of Theorem 3.2.1 we can easily show that 
Ig < e 0 (V k ), and 

I s = o(K' k ). 

Combining these estimates and using the arbitrariness of £ > o, t 

we get (3.2.2). The assertion (3.2.3) can be prove dissimilarly usij 

The uniformity assertion follows as in the proof of Theorem 2.3j 

Next we prove an analogue of Theorem 2.3.2. 

I2EQEM 3.2.3 s Let p < q < 2k+p, f £ D (A,B) and 

¥ 

exist and be continuous on <a,b>. Then 

(3.2.4) ||S< P > m (f,t)-f(P>(«|| < max( C x* (l3 * p)/E 

X,k,m ' C[a,b] - 

• 0'x* k ) , 

where C = C(k,m,p) and C‘ * C*(k,m,p,f). 

PROOF : Vfe can write 

(3.2.6) f (u) = I - g -. ^ct icu-t) 1 + - f 1 

l=o 11 V 

+ h(u,t) x(u), u £ ( A,B) 

where £ lies between u and t and x(u) is the characteristic 
function of the set (A,B)N<a,b> . The function h(u,t) for 
t 6 [ a,b] is bomded by M?(u)(u-t) < l for some constant H. 
Operating on this equality by m and breaking right hand 
side into three parts Lj_, Ig and I3, say, corresponding to 
the throe terms on the right hand side of (3.2.6), as in the 
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proof of the previous theorem it can be easily shorn that 


^3 “ ^) » 


uniformly in t £ [ a,b] , 

By Theorem 3.2.2, ^ = f (P) (t) + 0 <X-*) 


in t G [a,b ]. Finally, 




, L p i , Nt 

jl+j jjli. (t)1 , ; B ( 

( P (t))P r i TO,t, W 


i> j>o 


I u r+m-l' t l J sr + "*l(. 




<^f (q) ,^ 1/2 ) | i h. 

q , r=l m ^“.r)' ( k-r ) s J J _ <p 


, [Pi 

x i+j (t)| 


i» j>o 


(p(t)) J 


• tl w < x »t.u r+m . 1 )|u r+ffi . 1 -t| 3 [sf” i -l(|u-t| l l ) l s . +n . 1 ) 

+ X*l/2 nr+m-1, t . a q+1 - 

? ( l ut l > u r+m-l) ] dUr+n.! 


= OJ 


( f ^ q > X “ 1 ^ 2 ) £2 0 ( X 

r=l 2i+j^p 


CSijLbi) 

2 


= 0 ) 


(f^ q) , X-V 2 ) 0 (X -(q-p)/ 2 ^ 


where the 0-term holds uniformly in t G [ a,b] . fere an 

involved use of Schwarz inequality and the Corollary 2.2.3 has 
been made. 
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The theorem follows from these estimates of 

and J 3 . 

This completes oui^ discussion of direett theorems in 

the simultaneous approximation sS^) f **• f^P^, 

a j Kjin 

3,3 INVERSE THEOREM FOR s{ P ? , (.,*) 

In this section we shall "be concerned- with the 
proof of the following 

T pp REM 3 J3 ,1 ; Let o < <=( < 2 and f £ Dy(A,B)> Then, 

in the following statements, the implications (i) ■* > (ii)<«* (iii) 


(iv) hold. 

(i) exists on [ a^b^] and 


(ii) 


tr i P a 1 ,b l] l ^W>» ( '’ tW<P) 

f C P> e LizCSk+l;^,!^); 


(t)J = oa^ (k+1)/2 )5 


(iii) (a) For m' < °<(k+l) < m'+ljm* = o,l,2,* • . ,2k+l : fC m ’ + P) 
exists and £ LipCotCk+D-m 1 ; and 

(b) For ^(k+l) = m'+l, m* = o,l,2,. . . . ,2k: f( m ’+p) 
exists and £ Lip*(l; %,b^) $ 

<iv) ||sj p £ +1 = 0(X- < (k + l)^). 

Before giving a proof of this inverse theorem we first 
define an intermediate space C p (°<,kj a' ,b‘ ) as follows * 

Let [a,b] be a fixed subinterval of (A,B) and let 
taSb^c (a,b). Let us denote G (p) Mg : g € C 2k+2 


9 
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supp g^ [ a* ,b* ]} • For p times continuously differentiable 
functions f with supp f d[a' ,b‘] -we define 


(3.3.1) K (5,f) = Inf { 1 |f Cp)-g(p) 1 1 

P gea<P^ C[a',b'] 


+ 5(11*11 r 

c[ 


a' ,b- ] 


+ | lg(Sk+iH-SJ| j )}, 

C [a',b*] 

where o <5< 1. For o < °c < 2, we define cgC^jk+^a* ,b* ) 
as the class of all p times continuously differentiable 
functions f with supp f£ [ a* ,b* ] such that the functional 

||f|| = sup C** 2 U ,f ) < M, 

o <c< 1 p 

for some constant M >o. 

Vfe prove some auxiliary results s 

LEMMA. 3.3.2 : Let a < a* < a" < b" < b« < b. If e C Q 

with .supp f d[ a",b«] and 1 1 S^ > J k+l ? m(f,t)-f^ p Ht) j | 

5 Mi? (k+1)/2 , than G[a,M 

(3.3.2) K p U ,f) £ M Q t + X k+1 C Kp( X“ (k+1 \f ) ] . 

°C/2 

Consequently, K p (?,f) < M* € for seme constant 
M* i.e., f 6 C§(°c,k+1; a’,b»). 

PROOF s As in the proof of Lemma 2.4*2, it is enough to show 
that 

(3.3.3) K p (e,f) < M 0 [ x-^tt+U/e + x^+1 c KpOt^^f)], 
for all n sufficiently large. 



Since supp fc[ a n ,b n ] , as in the proof of Lemma 2.4*2, 
using Theorem 3.2.2 we can find a function such 

that for i = p'and 2k+p+2, there holds 




-(k+1) 


(t) - S C^l.- (f ’ t)|l 0[a>bl -< Vn 

for all n sufficiently large. 

Therefore, for some constant M-^ we have 


V 5 ’ f) -< 3 “l X n U+1> + ll S x ( ^k+I,m Cf,t) ' fCP)(t >'lc 


Hence it is enough to show that there exists an such that, 
for each g £ 


,(2k+pfr2) 


X,k+l,m C[a t ,b l ] - * G[ a* 

+ x “(k+l) j j g (2k+p+2)| j 


jb»] 

1 , 


Now, 


C[ a*,b‘] 


, I q(2k+JH-2) 

1 |D X,k+l,m 


(f»t)|| 


C[ a* ,b* 


1 


< 


k+1 

2 

r=l 


1 , k+m+1 N ,, 

mp(m,r) k-r+l ; 11 



w (2k+p4-2) 


(X , t,Uj. +ni .^) • 


(3*3*4) 


, sJ + “- 1 ((f-g)( U ), Ur+m . 1 )au r+m . 1 |l c ^ 

lr4* 1 ^ 

+ * f ! A « (2l£tpt2, (>.‘,Wi>- 


• S x +m ' L Cg(u),u r+m .i)du r+ m-il I 

A G[ a*,b« 1 

* I l +I 2» sa y* 
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But, by Lemmas 1.3.3. 1 s a a n u 

we have Equality and Corollary 2 . M 


"'A « <8fcfP * B, (X,t. Wl) s--! 


X ( ( f - 6 )(u)»Vm- 1 ) d «r + m-ll l 


+ -i f - K? (p) '(g . t <u . )P 

r\t * 


Cta')>'] 


11=0 tl 

lU r+m-l^ l, r+ m *.il 1 


C[ a«,b« } 

( € lying between u and t) 


= || ;B w (2k +f H-2) 


(X 




d Wil I 


llf(p)-g(p)ll 

^ g a«,b»] 


C[ a’ ,b r ] 


PI 


2 x i+j 


lif +ptd (t)| 


2i+j<2k+p+2 
i> j >o 

3 


(p(t)) 2l£+ i» 2 


• ; A W < X > t >» r+m -l>- 


• I Wa-tl J s x +m_1 ( I »-t| p > v ffl -i> d Wil I r 

G[a»,br] 

(supp f \j supp gc -[ a . >bt -j j 

< ^ X k+1 1 |f(P)-g(p)| | 

C [ a* ,b* ] 
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Hence I < M* X k+1 | |f ^P)-g(P) | j 

1 “ 3 C [ a',b* ] 

Now we shall estimate Ig. 

By Lemmas 1*3.3, 1.5.6, Schwarz inequality and Corollary 2*2*3 i 


U ^ w(8k+ ^ 2) ^> t > u r + m-l) s r m ' 1( 8 (u) > u r + m-l> a ’ 1 r +m -lll 0[ ^,-j 

|| ; B w (2k +f *2) (x 


+ ,(Mh-P«) ( {) ( u 

(2k+p<-2)i 


» ^r+m-l ) du r +m-l 1 1 c j- a , ^ 


= ||;B w (2k + pf2) (Xjt)Ur+m _ l)s r + m- 1 ( 


(2k+p+2) 


(2k+p+2)l 


^Sk+p+2 . 

k u-t) * 1 %+m-l^ • 


,1Wlll 0[«M'] 


g (2k+p+2)| 


(2k+fH-2)l 


C[a* ,b«] 


[ 2k+p+2] (-t)j 


11 2 

2|+ J;£2k+p*2 


(P(t)> 


2k+p+2 


»S\ W(X,t,n r+m . 1 )|u r+m . 1 -t|^ S^ m “ 1 (lu-t| 2k+IM ' 2 ,u P+£I i-i)<i« r+ni .J 


GCaSbl 


< M A J g (2k+^2)j 


C[a* ,h l ] 


Therefore, Ig < M g |jg 


(2k+p+2), 


C[aSb‘l 
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Substituting the estimates of I x and Ig into (3.3.4), 
(3.3.3) follows. This completes the proof of Lemma 3.3.S. 
1^4 3.3.3 s Let a < a' < a" < b» < b' < b. If f(p) e c 

with supp fc[a'*,b»l and f £ OP («,k + l;a' ,b' ) then 
(3.3.5) ll\ ( ^ +1>m (f,t)-f(P)(t)|| < MX -<(k+iyS 


(3.3.5) | l\ ( ^ +1)10 (f,t)-f(P)(t)| | 

EE22F : For g £ g<P), M ha¥e 

^ ^fk+l.m^"*’^ II 

C[a.,b] 


C[ a,b] * 


* ll S £?k + l,m<r-g.t> II ♦ || S (P) (g,t)-f(P)(t)|| 

C[a,b] »,k + l,m C [ a, b } 


= + ^2> say. 

It is easily seen that 

Zl “ *c [ a’jb*] (since supp ( f “g)C[a , ,b*]) 1 

I 2 can be estimated as follows: 


Ip £ |Jg (p) -f (p) 


I + V~ (k + 1) 2 k s P+ 2 ||gCJ>|( 

C £ a '’ b '3 * J=P Hg C [ a’ ,b f 3 

(by Theorem 3,2.2) 


< ll« Cp) - f(p) ll + ^x' (lc+:L) (||g|| 

c l a > b ] C[a’,b'] 


+ ||g(2k+fH-2)| | ). 

C[a*,b»] 
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Thus, 

1 |S X?k+l,m (f,t) * fCp)(t) ll r < «,y 

C L a>b J * y 

< M 5 X -^ 1 >/2 , 

since f G Cg(°C,k+l; a « ,b* ) . 

This proves the required result, 

LEMMA 3,3.4 : Let a < a' < a f ‘ < b M < b* < h, if f(p)g q 

with supp fc [ a",b w ] then f £ c£(«,k+l; a* ,b' ) iff 
f^^ 6 Liz(<*,k+lja* ,b T ), 

. Let 1 6 | < h and g £ G^P). Then, if f £ cj^Cjk+l; a* *B f ) 
|Af +2 f(P)(t)| < l4 w *tf(p)ct)-«tp) lt »| ♦ I Af + 2 g (e’ct)| 

< 2 2k+2 ||f(P). g (p)|| + jSk+2! | g (2k+pf8). . 

°[ a ' > b ' ] C [a',b*] 

< 2 2k+2 ys 2k+ V) 

< 2 2k+a MS‘ <(k+1) . 

mm 

It follows that 

<l fek+2 (f(P ^» h » s{ »^^ = sup | A? k+2 f(P)(t)| <H , h ((k+:L) 

| a | <:h 6 

i.e., f^P> £ Liz(°C } k+l;a’,^>). 

Conversely, let f (p) £ Liz(«,k+1? 

3 « & t ..fi aaS. * When p is even, say p n 2j. 
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Define g 0 £ G^ by 


g 0 (x) = 


n/o n/2 n/2 . . 

; : ••••; U-i) k+3 . 


/ 2k+2^+2% 2k+2j+2 w n/2 -n/2 -n/2 

^ k+j +1 ,T1 


; V^g f(x) + )f(l) 3 au l 4u 2--- au 2k + 2542 » 

2 U 
V=1 
2 

where (k+j+1) n < min (a M -a ! jh’-b”) and is the r-*th 
symmetric difference operator. 

Then, 


(■ 


k+j,2k+2J+2, 2k+2j+2 

-1) ( lc+j+1 ) h 6n'' X ' 


= S J ■ V2 [ 2k 2 2 ’’ + (-l) 1 ( 2k+2 ' 1+2 )f(x+(k+3+l-i). 


n/2 

- n/2 - n/2 

2k+2j+2 


-n/2 i=o 


k+j+1 


• v » » v ) + (-l) k+1 ( a ^|f )fU) 1 4 u x 4u 2 * * * * 4u 2k+2 j+2 
= ; V2 ; V2 ....jV2 [ Sk+23+2 ( .l) i ( Sk+ ® 3+2 )f(»(k + J+l-l). 

-n/2 -n/2 -n/2 i=o 1 

i/k+j+1 

2k+2;j+2 

. 2 u ) } da,du 2 ....,du 2k+ 2j + 2 

v=l 

V2 n /2 f n /2 k +l ( . 1) i ( 8 k+ 2 J+ 2 ) f (l+(k+ j+1 -l). 

-n/2 - 1/2 - n/2 i=o k+J+1 

. ) /D 3 (-» i ( 2k+23+2 )f(x-(k +J+ i-i) 2 r\ 2 >j . 

V =1 V ; 1=0 * v=j - 


• a “ 1 4u 2"" dU 2k+23+2 
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k+j 


ji/2 ;V2... f n/s 
-n/S - n/2 -„/2 i= 0 


L ( * 1)i { f(x+(k+j+l-i) 


2k+2j+2 


2k+2j+2 


*V =1 u v 5 + f^-Oc+J+l-i) V f 1 % ) J 'Ju 1 du 2 ...du sl!:+Sj+2 


Since 

d 2k+2j+2 


-C. 

2k+2^+2 

+ f(X v=l ^ ^ dU l du 2**‘* du 2k+2j+2 

= 2 A ; ?k+2 J +2 f( x ), 


r/2 


and 


W 2k+23+2 (f *l k+ 3 +1 “i | n ) < | k+ j+l-ij 


2k+2j+2 


u 


2k+2j+2^ f,n ^ 


- ^L a, 2k+2j+2^ f > T1 ) » 


therefore, 

n4 2k+2J+2) n 


C[ a',b‘l 


1 k 23 — } I I "sVl) 1 ( 2k+2J+S ) 2 4' 2k+2 i +2 f( x )j| 

( ktfif) 1=0 (k+^l-Dn %*- 

< n-< 2k+s J + 2) k+j Sk+EJ+E. , f n , J, 

,Sk + 21+2. iloV i ) Ek+2 J+2 (f ’ !a,b) 


Cta',t>5 


(2k+2j+2-v 
k+j+1 ; 
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■( ^r,- (Sk+2d+2) n 2J a 8toS (f( 8 J>, n 5c‘,i) 

< ^ n -(^)^Ck + l) . 

HSxt, 


g< 2J) (x> 


— — l ; n/S ; n/s ....; n/ * [(-i) k+3 . 

/2k+2j+2\ 2k+2j+2 -n/2 *tj/ 2 “r>/2 

( kfjii )n 


-2k#2 
& 2k+2j+2 

v = 1 v 


2. 

V=1 “ 


'’SSS**"” 


• du l dlJ 2 ,du 2k+2 j+2 * 
where D = • 


Hence, 


•g£ 2 ^(x)«*f( 2 J>U) 


I P* cc-i) k ^. 

,2k+2j+2 N 2k+2j+2 -n/2 - n/2 mT ^ z 
( k+M )n 


# 


S , (-d 1 (V> 

i=o 1 


«2k+2 


, % 2k+21+2 

4 2k + " 8J+E f(2J) <*-j + 

2, U M 

v=l v 


• du i du 2 * * * * > du 2k+2 J+2 * 
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So j 

,|g^)-f (23) | 1 v < i 

q a* ,b»] 2k+2;)+2. 2k+2 j+2 

C k+j+l )T1 


*f2k+2^ fC2j) >< k+ ^ +1)n 5 * 

.( I 4 <?h ) t^ k+2 3 +s i 
1=0 1 

< ^ “sk + a (f(2J) ’ n;a> ’ ,!) 


< m 4 1 


*(k+l) 


(P) 


2nd case : When p is odd. Defining g 0 € G v * as 


*o U) * 


^2k+p+2 ^2k+2j+2 


S'l 

-n/2 -n/2 -t/ 2 


k+[^+l 

' C +Pf2 s f(3t ^ 2) + £»<*>! auidug.-.a^^g 

2 lc4* jD4*2 


v ii u v 


and proceeding as in the first case, ve obtain 


j | g (2k+p+2 ) 

and 

iu£ p) - f (p) i 


C[a’ ,b l ] 


< Mg n -C2k + 2 )+ cc (k+ l) f 


C[a‘ ,b«] 


< M : n 

* 6 


*(k+l) 
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Thus* combining the two cases we have 

| lg (2k + J»2),| < » n -(2k+2)-K<(k + l) 

0 G[a’ ,b'] * ' 

and 

|| g (p). f (p)|| < M 

° C[a',b'] * 8 

From these estimates it is clear that 

K p (n 2k+2 ,f) < M g n c<(k + 1) . 

Hence f G C§(«,k+l;a‘ ,b» ) . 

This completes the proof# 

PROOF OF THEOREM 3.3.1 s Following the proof Of Theorem 2.4.1 
we have to show the implications (ii)=* (iv) ahd (i)»* (ii). 

We also observe that (i) implies that f<P> G C[ a^b^] . 

To prove the implication (ii)»* (iir) let a* , a^jb 1 ,b* and g 
be as in the proof of (ii) 3 *- (iv) of Theorem 2.4.1, Then, as 
also (fg)^P) G Liz(°c,k+lj a 2 ,b 2 ) and supp fgc[a’ ,b»] , by 
Lemmas 3. 3 .3-4 we have 

IlsJPi 1 m (fg,t)-(fg) (p) (t)|| = ocx‘ c<(k+1)/s >. 

OLag.bg] 

Consequently, since g(t) = 1 on [a w ,b n ] and [ a 3 ,b 3 }C(a tt ,b tt ), 

(3.3.«>||S<P) +1>B (fg,t)-f(P)(t)|| c[ 

To show that 

(3.3.7) ^' (k+1) )> 



let S < min (^-a n ,b tt -b£) tod x-^(u) denote the characteristic 
function of the set (A,B)\ [ a",b« ] . Then, by Lemma 1.5,6, 
Schwarz inequality and Corollary 2.2*3 we have 


1 * S X, P k+l,m (fg " f,t ^ 1 


G t ] 


o l aoj 


< s s * 1+ < W(X,t,u r+m . 1 ). 


k+1 


r=l mP(m»r) k-r+1 2i+j<p 

i,j>o 


(p(t» p 


l„ _*.|3 0 r+m-l, M T(u)(u-t) Sm .. .... n 

•' n^+m-l z I ^ 2m rt — L — * u r+m-l )du r+m-l' « 


6 C [ ] 
(m tt ( £ IN) > [ 2 htPt? ] being arbitrary) 


* 0(X 


(P-2m«)/2 


). 


and (3*3,7) follows due to the arbitrariness of m". 

Hence, by (3.3.6) and (3.3.7) we have (iv). 

To prove the implication (i)=*> (ii), writing r = <<(k+l) 

we first consider the case o <r< 1. Let a’ ,a n ,b',b n and 

g be as in the proof of (i)=> (ii) of Theorem 2*4.1. 

For t E [a',b' ] , with D = ~ , we have 

dt 

= dP [s x , k+1 , m ((fg)(u)-(fg)(t),t)] 

Xr 

(3.3.8) = k+1 (f(u)(g(u)-g(t)),t)] 

— Ij+lg | say • 



Vfe shall estimate 1 ± first. By Leibniz theorem 
k+1 . .r+1 . _ n 

h = 2 -1=12 < k+m+ l) a P / B w(x t u. \ 

r=l m£(m,r) k-r+l ; s t p J A ' n’ t,u r+m-l' # 


atP 

• s £* m HfCuKgCuJ-gtt)), ^ +m . 1 )du r+m . 1 

k+ l f-T'il’+l 


nsr± / n xr +1 n 

~ r=l aP(m,r) ^-r+l^ ± f 0 0 w(i ^ X n> t » u r+m-l)* 


r 

(3 .3.9) 


^.+1 r+1 n 

•i tSS«-<£K>£ <!> i «“>< »,,,«, w- 


_£_ p_1 r „r+m-l 


t s ‘r tfc»>(«o«)-«(t)), Wl )] d Wl 

u ^ 11 

k+l , . N r+1 


+ r, (~1) ( k+m+lx ; B W (P)/ X t „ \ 

r=l mp(m,r) l k-r+3/ J A w (X n> t > u r+m-l ) - 

• S ^'“' 1 ( f ( u Hg(u)-g(t)),u r+m _ 1 )du r+m _^ 


= i 3 +I 4> say. 


Now 


(3.3,10) 


P-1 


33 - g o ( p ) g ( ^(t) 4i) k+1>m (f,t) 


P-1 


* - 2 (?) g(P“l)(t)f (i)(t) + 0(Xn T/2 ) 


i=o 


by Iheorem 3,2.3, uniformly in t 6[ a* ,b* ] . 
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To estimate I 4 , with the hypothesis on f and g we can write 

, . p -(i),^ i 

f(u) = 2 L-HLk)( u -t) 1 + o(u-t) p 

i=o il 

and 

g(u)-g(t) = P 2 1 J^lUIcu-t) 1 + oCit-t)^ 1 . 
i=o ii 

Using these Taylor expansions of f and g In by Schwarz 
inequality and Corollary 2.2.3, it is easily seen that 

1 = 2 - K (1) (*? . pi + OOC^) 

* i=l ii 


(p-i)l 


(3.3.11) 


= 2 ( P ) + 0(X~ t/2 ) 

i = l 1 11 /n 


(uniformly in t G[a‘ ,b']) . 
Combining these estimates of I 3 and l 4 , we see that 1 ^ =t 0(X~ T / 2 ). 


To estimate 1^, by Leibniz theorem 


-r _ k ^ 1 (-l ) r+1 rk+w-ls p / Ds JB „m,. . 

10 * r=l m L,r) ( ^ ) i=o (i> 

- 2i trSt® j o cf)« (p * 1) (t) t 


k r+l 


(3.3.12) . Sj +m “ 1 (f(u),u r+m . 1 )dii r+m . 1 ] - (fg) (p) (t) 

A n 


= I (?) g^Ut) (f,t)-(f g ) ( »Ht) 

i=o 1 ^jK+ljm 
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= 2 (f)g (p " i )(t)f^ i ^(t)-(fg)^>(t) + 0(X' T/2 ) 
i=o a 

(by Theorem 3.2.3 and the hypothesis that (i) holds) 
= 0(x“ T//2 ) ( uniformly in t £ [a^b*] )• 


Consequently, 


Ii s ^k + i, m ( f s,t)-(fg)(p)(t)ii = o(x; T/S ). 

^L a > D i 

Hence, by Lemmas 3.3.2, 3.3.4 and the fact that g(t) = 1 
on [a^bg] , the implication (i) «■* (ii) holds for o < x < 1. 
Thus, following the proof of (i)=*(ii) of Theorem 2,4*1, 


assuming that the result holds for t £ (p'-ljp*) we have to 
prove it for t £ [p«,p'+l) (p' = 1,2*;.., 2k+l). 

Let a£,b£, a^jbg, X 2 (u) and g be as in the proof of (i) =*>(11) 
of Theorem 2.4.1. Then 




G [ a^.b* ] 


< l|D P C^ + l, B Cg(tKf(u)-f(t)),t) ]|| , 

K C l J 

(3.3.13) 

+ I! 

= sa ^* 


1^ is easily estimated as follows : By Theorem 3,2.3 and the 
hypothesis that (i) holds we have 
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*1“ 


(3*3 .14) 


-(fg) (p) (t) |l o * * 

^ 2 

|| I <P)g(P- i) (t )sj[i) (f,t)-(fg)‘P>(t)|| , 

i =0 A A n> K+i,m C[s£,t£] 

(By Leibniz theorem) 


= ll| (P)g (p “ i) (t)f< i >(t)-(fg) (p) (t)j 1 + 0(X“ T/2 ) 

1=0 1 tt[ a£,b| ] n 


= 0<x; T/S ) . 


Io estimate Ig, by Leibniz theorem and Theorem 3*3*3 we get 


I 


2 


11 -S' ( i )g(p ' i)(t) 


?(p) 


(3.3.15) 




, x“ \ 

+ 0(A n ) 


_C[a^,T^] 


= U + °( x n (k+1) ),.eay. 

Then, by Theorem 3.2.3 

(3.3.16)1 = -V (f)g ( P“ i) (t)f (i Ut) + 0 (x" n V2 ), 

3 1=0 x 

uniformly in t G [ ^,b^]. 

Since by the induction hypothesis f^P ,+ P" 1 ^ exists and 
6 Lip(l-6jaJ ,4) for any 6 > o, therefore we can write 
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I = ;B w<P) a t ). 

4 r _^ ) k-r+1 A n> ’“r+in-1 


.S" m ^(fCuKgCuJ-gCt)) x 2 (u) .u r+ m-l )du r+®-l 

= k S X j lh* W^f^t.'Wl). 

r=l nipCm^r) k-r+1 il A 

3.3.1?) . sr + “- 1 ((u-t) i (g(u)-g(t)) X s (u).'Vm-l )au r+m-l 

+ ^ ;B w<P\ Iji > t > u r+m-l)* 

j,-! mp(m,r) k-r+1 A 

, s r+m-l( fCP t+ P~D(g)^f(P , ' f P“ :L ^(t) (u ^ t) p t +P"l 
x n (p'+p-Dl 

•(g(u)-g(t)) ,u r+m~l^^r+ni“l 

( £ lying between u and t) 


= I s + I 6 » say. 


By Theorem 3.2.2, we have 


1. = 


k+1 

£ 

r=l 


(k+B+l) P z +P ' 1 ^iilitl ;B v(P)(l n ,t,u r+m . 1 X 

mp(m,r) k-r+1 i=0 ij A 


(3 .3,18) 


n 


- ( k+1) 

, S^' l ’ tn “ 1 ((u-t) i (g(u)-g(t)),u r+m „ 1 )du r+m -x + o(X n ) 

(uniformly in t £ ^ 

-(k+1), 


h + °< x n 


), say. 
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CO 

Since g 6 C 0 therefore by the Taylor expansion of g v£ have 

x 7 = -gfl 1 , r k+m+i/+^ f^ct )^ ^ 1 JHul . 

7 r= x MKm,r) k-r+1 i=0 u j=1 ^ 


. w(p) C x n , t,u r+m . 1 )S^ m ' 1 ((u-t) i+; 3 ,u p+ni- . 1 )du r+tri _ 1 


(3.3.19) 


k+1 , . nT+1 , _ p’+p»J. (i)/a.v 

+ 2 ("D /k+nH-1%* f v ; (t) 

r=l mp(m,r) k-r+1 i=0 ij 


• J ! w(p) ^n.t.Wl 5 

^r +m-l ^ u r +m-l (where £(u,t) ** o as u ** t> 


= Ig + Xgj say. 

Then, by Lemma 1.3.3 and Theorem 3.2.2 we have 


(3.3.20) I 8 = £ pl t 0( v (k+1) ), 

S J=1 ji (p-J)i 

uniformly 3n t 6 [ * 

Also, by Schwarz inequality and Corollary 2.2.3 it is 
easily seen that 


(3.3.21) l g * 0(x~ (p ' +1)/2 ) = 0(£ T/2 ), 
uniformly ia t 8 [ ] • 

Finally, we estimate X 6 . By mean value theorem, Lemma 1.5.6 
and Holder's inequality we have 
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i IV i 


(k+ *i )s ^, K.i (t) ' 

C[a|,t£] - r=l mPCm.r) k-r+1 ei+J<p ' (p(t)) p 

i,j>o 

• J* A w ^ x n > t,u r+m-l^ I^r+m-l"^! 

x n (pi+p-Dj 

• l g* Cn) | |u-t| p,+p X 2 Cu),u r+m . 1 ). 


(3.3.22) 


< M l Is' I I 


\ 1+ 5 I I 

X„ max 11 


n 


pB 


C [ a^,b 2 ] 2i+ j<p “ l<r<k+l 
i,J>o 


J A w ^n» ^» u r+ni-l^ l u r+m-l* t l 


A n 


X2Cu),Up +m . x ). 


• ( ^ u r+m-ll I 




= 0( x-(P ,+ ^^) 
v n y 


= 0(X 


- T/2 


n 


)> 


on having chosen o < 6 < p’+l-rC >o). 

Combining the above estimates, vje conclude that 


ii ^ P ,k+l,mCfgjt)-(fg)^ p) (t)U * = °( x n 1/2)4 

11 ^[a^jbgj 
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Since supp fgdCa^jbg), by Lemmas 3*3.2 and 3,3.4 we have 
(fg)(P) 6 Liz(«<,k+1; ^jbg) which reduces to the required 
result i.e.j f(-P) G Liz(°<,k+l;a 2 ,&?) since g(t) = 1 on . 

Hence (ii) holds. 

This completes the proof of Theorem 3.3.1. 

3.4 SATURATION THEOREM FOB m (.,t) 

The saturation behaviour of the operators s£P^. + ^ m 
is also analogous to that of the ordinary operators 
£>X»k+l,m* For we have the following : 

THEOREM 3.4.1 : If are regular, k,m G 3N° p G IN &id 
f 6 D^(A,B), then in the following statements, the implications 
(i)=> (ii) =*> (iii) and (iv)=> (v)=* (vi) are valid s 


(i) f^ p ' exists on [ a^,b^] and 

X " +1 tf[a 1)bl ] = 0C1) * 

(ii) f( 2 k+pt-l) g A#c> ag, t 2 ] and fC 2 k+pf 2 ) £ 5 


(iU)x' c+1 ||Sx < > P fc + i, m Cf,t)-f (p) (t)|| = o(i) 5 

f(p) exists on [aq,b]_] and C ] 

civ) x^ 1 s«j> i4 p Li > 

n t e [a, ] v K+1 > m 

**■ 2k , +‘P+ , 2 / jt\ 

(V) f e cF^ao,^] and 2 Q( j ,k+l,m,p,t)f U) ( t) = o, 

" 3=P 

t G [ ag,!^ 3 where Q(j,k+l,m,p,t) are the polynomials 
occuring in (3.2.2); 




= 0(1). 
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PROOF : If (i) holds, following the proof of Theorem 2,4.1, 

it is clear that f^P) is continuous on [aph^]. Also, (i)=>(Ii) 
of Theorem (3.3,1) yields that f(2k+p+l) exists and is 
continuous on (a^b^)* Let a^,a^,b^,b 2 "be as in the proof 
of (i)~>(ii) of Theorem 2.5.1. We can choose an f* such that supp 
ffcrC^jbi), f*(t) = f(t) on [a£,b*] and that f* is 2k+pKL 
times continuously differentiable cn (a^b^. By Theorem 3.2.2 
and (i) we have 

(3.4.1) I I k+i m (f *, t)-f *^t) | | = 

G [a|,b|] 

Defining the spaces and cgti£,t£) as In the 

proof of (i) =®>(ii) of Theorem 2.5.1, it follows that far a 
p times continuously differentiable function q # with 
supp q*d[ and for any g £ C^(a|,b*), by(g.5.3)we get 

\\ Ul < S^^ +1 t)-q^^ ( t) , g(t) >| 

(3.4.2) = U k+1 < Sx, k+1)0 (4,,t)-q*(t),g (p) (t)>-| 

< I U + l 1 > say, 

for all X sufficiently large, where the constant is 
independent of X and q^. 

Since f* is continuous on (a^b^) and supp f*c_ (a^jb^), 
there exists a sequence { f 0 } of 2k+p*-2 times continuously 
differentiable functions on (A,B) with supp f a C. (a^jb.^) 
and converging to f* in the norm ( { •] | defined by (2.5.2). 
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Then, for any g £ C 0 (a^,b^) and each function f , hy 
Theorem 3.2.2. we have 


< S xfk + l,m< f a.t)-f^(t), get) > 

2k+IH-2 

- <2 Q(J,k+l,m,p,t)f$J>(t),g(t) > 

J-P 

= <f a U), 2 Q*(j,k+i,m,p,t)g ( ^(t) >, 

* 2k+p+-2 ^ 

where 92fc4-p+*2^^ = ^ Q*(3*k+l,m f p,t)D^ denotes the 

. , 0=1 2k+p+2 . 

operator adjoint to ^^(D) = 2 Q( j,k+l,m,p,t)lA 

Now, it is clear from (3.4.1) that there exists a 

sequence { n^} of natural numbers such that 

(3 .4*4) lim < sW (f*,t)-f*Cp) ( t) >g( t) > 

4 n q 

= < h(t),g(t)> , 


for every g £ c£{a|,b*), whare h £ lco[ a£,b* ] is a fixed 
function. 

By (3.4.2), it follows that 


.k+1, 


X' < .t),-cf*-f 0 ) Cp) (t),gct) >i 


Cp), 


q oo -q '**q 

(3.4.5) < t^l |f*-f a | |. 


Hence, by (3.4.3-S) 




> 





= lim [lim < S*<P> v +1 ,t)-(f*-f )<P>(t) 

a -*• cc q-> co n q* ’ a a 

= lim < 8jP) . , (f*,t)-f*<P>(t)-f*<P)(t),g(t) > 

a - oo A n , 

h q 

= <h(t),g(t) >. 

Hence , 

(3.4.5) % k+pf2 (D)f* = h(t), 

as generalized functions. 

Now, noticing the easily varifiable fact that 

Q(2k+p+2,k+l,m,p,t) = Q(2k+?,k+l,m, t) 

and that the latter is positive for t £ (A,B), as shown in 
the proof of Theorem 2.5.1 and regarding (3.4.6) as a first 
order differential equation for f*( 2k+ P+D ) it follows that 
f *(2k+p+l) e A . c . [ a^,b|] and that f*(2k+p+2) £ ^ [^,h|3 . 

From this (ii) follows, since [ and f* coincides 

with f on • This completes the proof of the implication 

(iK (ii). 

Also, . (ii)** (iii) follows by Theorem 3.2.3. 

For (iv)**^ (v), proceeding as in the proof of (i) s£*(ii), we 
obtain 

%k+I>f2( D ) f * “ 0j 

from which (v) is immediate. 

Lastly (v) ™*(vi) follows from Theorem 3.2.2. 

This completes the proof of Theorem 3.4.1. 
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CHAPTER 4 

ORDINARY AMD SIMgiABEOCS APPROXIMATION MIH 
COMBINATIONS OF FIXED ITERATES 

4.1 INTRODUCTION 

In Chapters ?~3 we studied approximation properties of 
generalized Micchelli type combinations of iterates of 
exponential type operators of varying Orders but with the same X. 

In this chapter we consider combinations S. (f,k, t) of iterates 

AjP 

of exponential type operators of a fixed order but with varying X 

defined by replacing S d \ ^=o,l, ..,k)in (1.2.8) by their p-th iterati 
Thus, . 3 k ' 

(4.1.1) S X|p (f,k,t) = 2 C(j,k) Sf. x (f,t), 

i=o j 

where C(j,k) are as in (1*2.11). On taking p = 1, (f ,k,t) 
reduces to the combination S^(f,k,t) studied by May. 

In view of the detailed workings of the ordinary end 
simultaneous approximation results about the combinations 
s X,k,m^*t) in the previous chapters, in the present case of 
the operators S^p(f,k,t) ve propose to obtain the results 
both in ordinary and simultaneous approximation in a common 
set up. Thus, in this chapter we study the convergence 
S^(f,k,t) - f^(t), which for m = o reduces to the ordinary 
approximation and for m £ IN corresponds to the simultaneous 
approximation. For m = o and p = 1 our results reduce to the 
results of May. Moreover, with m £ IN and p - 1 the results 
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of this chapter give rise to Theorems 1.5. 1-5 stated without 
pi 1 oof in Chapter 1. 

4.2 DIRECT THEOREMS 

\ 

Throughout this chapter p remains an arbitrary but 

fixed natural number and y denotes a GTF for the p-th iterates 

I**} °f exponential type operators. We recall that 

y (u) = (l+u 2 ) N , N>o is a GTF f or { . Other notational 

X 

conventions remain as in the previous chapters. 

k 

Utilizing the fact that 2 C( 3 ,k) = 1, we have the 

j=o 

following basic convergence result : 

THEOREM 4.2.1 s Let f £ D^(A,B). For m = o if f is continuous 
at a point t E ( A,B) and for m £ IN if f^ m ^ exists at a point 
t £ (A,B), then 

(4.2,1) ,lim = f (m) (t). 

X OO A>P 

Also if f( m ) exists and is continuous on <a,b> 
then (4.2.1) holds uniformly in [a,b] . 

PROOF : For m = o, the result follows from Theorem 2.2.5 
on taking k = 1 and m = p-1 there. For m £ IN the result 
follows, in a similar manner, from Theorem 3.2.1. 

. An asymptotic formula for S^^(f,k,t) is given in 
THEOREM 4.2.2 : Let f £ D f (A,B) and m £ IN 0 . If fC2k+atf2) 
exists at a point t £ (A,B) then, 

(4.2.2) lim A k+1 [S. Cm hf,k,t)-f Cm) (t)]= £ Q(j,k,m,p,t)f u; (t) 
X+oo a ,P j=m 

and 
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(4.2.3) lim * k+1 [S< m )(f,k+l,m)-f (m) (t)l = o, 

A oo *■ » p 

where Q(j,k,m,p, t) are certain polynomials in t. 

Further, if f(2k+m+2) exists and is continuous on 
<a,b> then (4. 2. 2-3) hold uniformly in [a,b] • 

PROOF : VtLth the hypothesis, we can write 

^P^’^zcCjjk) W^CdjAjtjUp^) srl**" 2 f-^ -Cu-t) 1 
‘j=o A J ^ 3 i=o il 

+ £(u,t)(u-t) 2k+m+2 ,u p-1 )dup. 1 

(where £(u,t) •» o as u* t) 

2k+m+2 ^»(i)fx.\ -n > 

= S — i l ~~ , z C(J,k) iWdjX.t.u 1 )sO(b-tf,u J 

(4.2.4) i=o 11 j=o A J ^ i *" 

k 

+ e C(j,k) X® w t “ ) ca 1 x > ,t,u p . 1 ) . 

• s djX (e(u,t)(u-t) 2fc+m+2 ,u p . 1 )au p . 1 

= I-^ + Ig, say. 


First we shall estimate l ? . 

Defining Xg(u) as in the proof of Theorem 3.2.1, we 

have 

1c 

|Ig| < E |C(3,k)U® |W (m) (djX 
j —0 

. sfjx (|£(u,t)||u-tl 2k+m+2 X 6 (u),u p . 1 )du p . 1 

+ 2 lC( j,k)| ;®|^(d i A,t,u x )|. 

(4.2.5) j=0 J 

. (|6(u,t){|u-ti 2k+ni+2 (l- X 8 (u)),u p . 1 )du p . 1 

= I 3 + X 4 » say. 



Then, proceeding as in the proof of Theorem 3,2*1 it can be 
easily shown that 


(4.2.6) Ig = e.O(k" (k+1) ), and 

(4.2.7) I 4 = o(x~< k+1) ). 


Now, since £ > o is arbitrary. Hence, 


(4.2.8) 


ll 0 | = o(X“(k+l) )# 


To estimate 1^, we first consider the case when m = o. Then 


j = 2 * +s 


i=o 


i! 


[p] 

2 C(o,k) V d x>i (t) 


.CPl 


j=o 

Since Is a polynomial in t and 1/dj X , by Corollary 

2.2.3, we can write 


w a P 1 \,i t « = 


Po(t) 


Pn(t) 


(d.X) 2 


PPT 


(d, X) 


ftpp] +1 


+ • 


for certain polynomials P^’s depending on p and i. 

Chen, cle arly 

k [p] 

s C(3,k) w d x .(t) 

3 » x 


d=o 


_ 1 
" I 


P 0 (t) 


Pi(t) 


,"1 ,”2 


(d 0 X > 




(V> 




p (t) 
o 


p-l(t) 


-1 j "2 


(dn X) 




p 0 (t) 


+1 


p x (t) 


(d^X) 




i; 1 


,-k 

• do 


j-k 


a“k 

d k 
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« £ k+1) 

= il X ( Q( i , k, Oj Pj t) +• o(l) ] , say. 

Thus, 

2k+2 

(4*2.9) l x = f(t) + X’C k+ l)[ E Q(i,k,o,p,t) + 0(1)] 

i=o 

and hence for m = o, (4.2.2) follows from (4.2* 8-9). 

To prove (4.2.2) for m £ IN, utilizing (4.2.9) and proceeding 
as in the proof of Theorem 3.2.2 it is easily seen that 

(4.2.10) I x = f (m) (t) + X-< k+1 ’[ 2 z + %a,k,m,p,t)f (;,> (t)+oU)] 

j=m 

for some polynomials Q(;j ,k,ra,p, t) in t. 

Combining (4,2.8) and (4.2.10), (4.2.2) f or m e IN follows. 
The assertion (4.2.3) can be proved along similar lines. 

The uniformity assertion follows as in the jr oof of Theorem 

2.3 . 1 . 

Also, we remark that there holds 
Q(2k+m+2,k,m,p, t) = Q(2k+2,k,o,p,t), m e IN 

and that 

Q(2k+2.,k,o,p, t) = L£l— . 

5 a ± 

i=0 

These assertions can be readily verified from the above 
proof and Lemma 1*3.3. 

The next result provides an estimate of the degree of 
approximation in (f,k,t) - f (m) (t), m e IH°. 
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THEOREM 4.2.3 : Let m € if, m < q < 2k+nH-2, f £ D^(A,B) 

and f^^ exist and be continuous on <a,b> . Then, 

(4.5.11) < max{ C X' (q '“ )/2 . 

C[a,b] 

. w(f (q) , X _1/2 ), C‘X" (k+:L } , 

where C= C(k,m,p) and C‘ = G* (k,m,p,f). 

P.B.QQF * If u £ <a,b> and t £ [ a,b ] , we have 

f(u) = I 

i=o Q.* 

where £ lies between u and t. Hence, we can write 

(4.2.12) f(u) = I -f- ( .V) (u . t) l + fC<l)( 0 - f (q)( a , , (n) 

i=o ql 

+ F(u,t)(l-Xtu)), 

where x (u) denotes the characteristic function of <a<b > and 
F(u,t) = f (u)~ £ - £^ 1 ^ t ) (u~t) i , 


i°o 


for all u £ (A,B) and t £ [ a,b] . 

Now, operating by S^(.,k,t) on (4.2.12) we have 

A > Jr ' 




I f (1) (t) B w 
1=0 


(4.2.13 ) 


lj S^^U-t^jkjt) 

a (m > ( f^. q lc JLLz. f ( t I (u~t) q x*(u),k,t) 

X,p ql 


,(m), 


+ Sjj } p(F(u, t) (1- x*(u) ) ,k, t) 


% . 


I x + I 2 + I 3 , say. 
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Then, by Theorem 4,2.2 

t _ q - (i) 


1 = i? Q ~ n (t) 2 ° (m) 

J- W j=0 J 

q -CD 


%p (u ^ k »^ 


= 1=0 ~ ~1I 1 [ dV + o( x-O^D) ] 

(4. a. 14) 


= I i 


1=0 II 


.2 C-D^Jcbci) mlt 1 ’ 1 


m 


= f 


j=o 0 m 

+ 0(X~ 

(m) 

^ ^ ^ (using the identity occuring in the 

proof of Theorem 3,2,2), 

uniformly in t 8 [a,b ] . 

Also, by Theorem 4.2.2 we have 

(4.2.15) I = o( 

uniformly in t 8 [a,b] . 

Lastly, by Lemma 1.5.6, Schwarz inequality and Corollary 2 . 2.3 

^2 1 ^ 2 |C(J,k)| 2 Cd xf +s |j^ (t)l ;B gj u . 

J-° 2r+s<in 3 , . _ N m J A wtd i A » t > u p-l) • 

r,s>o (P(t)) 

• ivi-ti 3 s ^i^' \o ; f w ftii i»..tiS*(u),u^). 


ql 


du 


p-1 
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.,/f.Cq) rV2 k _ 

< -iA 1 s |c(j,k)| 2 (d.X f 


qi 


j=o 


2r+s<m 
r, s>o 


[m] 

4-S |q rs (t) 1 

(P(t)) m 


(4.2.16) 


• X A WCdj 1, t >Up_i>|u p- i-t{ S [s£^ (Jti-tlSu^) 

3 

+ x' 372 sf* Uu-tl^.Up.!) ] dUp.! 

3 


to 


(f (<l) , X“l/3). 0( 


uniformly in t G [ a,b ] . 

Combining these estimates of I -l 3 we obtain the 
required result. 

4.3 INVERSE THEOREM FOR S^ m) (.,k,t) 

In this section we establish the following inverse 
theorem for the operators (.,k,t) (m G IN 0 ). 

THEOREM 4.3.1 : Let o < * < 2 and f 6 D^(A,B). Then, 
in the following statements the implications (i) => (ii) )<=Kiii) 
“> (iv) are true . 

(i) f^ exists on [a 1 ,b ]L } and 

sup |S^ m) (f,k,t)-f (m) (t)| = 0( x^ (k+:l)/2 ) . 

t € fe^bj n»P n 

(ii) f (m) G Liz(«=<,k+l5 agjtg) ; 

(iii) (a) For ra 1 < «(fetl) < m’+l, m’ = o,l,2, . . . ,2k+l s 

f (m’+m) exigts md £ Lip(«(k+l)-m’;a 2 ,b 2 ), 
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(b) For ccdc+i) _ mf ,, , 

l«M.J _ m , +1) ffl , = 0 x 

f.Cm’+n) 1 

easts and £ Id P *a i%> ^,. 

(iv> '^MtW«(tl|| = 

CCa,,^] 

we first prove some auxiliary results. 

In the following lemma Of r) + a * 
defined i„ ( 3 3 ,, . . „ V ’ 5 3 f ° r the functional 

K (5) f. a , “ : I Wh “ h f ° r " = <* re duces to the functional 

tE,f,a >b > def iued in Chapter 1. 

LMHA 4.3.2 : Let a <r =t ^ „ 

... a < a < a" < b" < f < b. If f (m> e 

uith supp f , ... [a-.b"] and 1 1 s Xm) /„> 

<MC< ( ^ lt hen ^ 

«.3.1) y E ,f) _< M 0 [ X -«(k + l)/E + jk+1 5 v x-0*l) |f)] . 
Consequently, V j , f ) < M , 

Mf l 6 t p t*f« 1 , " SOme con stant 

i.e., f 0 CT 0 (c<,k +1 . aI jb , ^ 

PflOOg * As Usual, it i<? enrm»vi 4 . 

’ it is enough to show that 

(4.3.2) K^( 5 ,f) < m [ jC^Ck+D/fc x k+1 r -( k+n 

- oL n + x n E yy(%] ) 

for all n sufficiently large. 

Since supp f ... as in the proof of lemma 2 4 2 

ITT T; 2) T re exlsts a function ^ e ° (m) a -Tt 

^ h n (t) “ Sx n ,P (f » k » t) l 1 < ML X^Ck+l) 

G[a,b ] * J- 7 

for all n sufficiently large. 
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flier e fca?e. 


V 5,t) <3M l X n (l!:+;L) + (f,k,t)|| 

n ’ C[a* ,b’ ] 


+ ?[||s x";p (f ’ k ’ t> n 

1 a 

Hence it is sufficient to show that 
that, for each g g q(hi) 


l (2k+m+2) 


I I ^ V 1 uiT^j J 

0[a',b'] X n.P Cf,k,t>li o [a ',bn J 


there exists an such 


,(2k+ni+2) 


( f »k,t)| | 


C[ a',b‘] 


( 4 . 3 . 3 ) < ^ x k+1 [ ||f(m). g (m)| j 

q;a',b«] 

+ * ^l| g^k+m+2)|j j 

C[a‘,b»] 

In fact, 


. , _(2k+m+2) , 

M S X,p (f ,k, t) | | 


C[a' ,b T ] 


j ? 0 IO(J,k)| m» w ( “\d, ,t, u _). 


• s d x <(f-g)(u),u p . 1 )du p . 1 H 


C[a',b»] 


(4.3.4) 


+ 2 
3*o 


|C(^)| II sl w^) (d , >t|U * 


(g(u),u p _ 1 )dUp_ 1 | 


G[ a' ,b r ] 


J 1 + say * 
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Then, by Leama 1.5.6, Schwarz inequality and Corollary 2.8.3 
we have 

jo™" 'A • £a "" 8) (V.t, Vx ). 

- 4'X ("s 1 (u-t)* + 

J 1- o ir » 


(4.3.5) 


t) 


m 


ml ,U P-1>* 

r r , , , _ ( € !ying between u and t) 
y L a jD t j 7 

j| f (m). § (m)|j 


d ViH 


C[a‘,b«] 


1 C( j §k)[ | 

1 T <— 


II 2 (4jlf +S -^ W2] (t)| 

2r+ s <2k+m+2 2k+m+2 

r,s>o (p(t)) 

. if .t.Up.i)|u p _i-t| S Sg* j (|u-t| m ,u 


' dU P- l!l c [a , )b , (as SU PP fwsupp gr _ [a',b<] ) 
< Mj X k+1 ||f (m) -g (n) || 

C[a',b'] 

where ^ is independent of g and f. 

By the Taylor's expansion of g, we have 

g(u) = + _g (2k+m+s )( nU u t) 2k+m+2 

i=0 11 (2k+nH-2)I * 


ti lying between u and t 





Therefore, . by Lemma 1.4.6, Schwarz inequality and Corollary 2.2 .ST 


& 

Ig < Z |C(J,k)| II ^ I w 1 


(2k+nH-2) 


(d^X 


. S P-X 

r (2k+m+2) 


^k+m+ZK . . 2k+m.+2 ,, n 

(i SS 5) P |yt| ’Vi )d Vill 0[a , >bl] 


(4.3. C) 


| \ g (2k+m+2) | j 


(2k+m+2) l 


II 2 (d 3 X) 

C[a* ,b'] 2r+ s <2k+m+2 

r , s”^ o 


lq [2k + « S ] (t)( 

■ ; A w(d J x,t,u p . 1 )|u p . 1 -t| ■ 

(p(t)) 8k+ " H ' 2 


sf : \ ( W-t| 2k+w2 


>Vi )d Vi" c[a , (b . ] 


< \ li g 


(2k+m+2 ) 


* C [ a* >b« ] 

Combining these estimates we obtain (4.3.2). 

This completes the proof of the lemma. 
jjMMA 4.3.3: Let a<a» <a n <b"<b'<b. If f (m) e C Q with 
supp t C [ a n ,b M ] and also f e C®(oc,k+l;a‘ ,b‘ ), then 

(4.3.7) ||s‘ m) (f,k,t)-f (B,) (t)|| < M X-« (k+1)/2 , 

X>» Cl a,b] 

for all X sufficiently large, where M does not depend on X . 
PROOF t For g 6 G^ , we have 


l'O f>klt) ‘ f(m)(t) ll C ta ,M 

(4.3.8) .< !|S ( x “pC f ' g ’ 1C ’ t>!l C[a ,bl 


+ " s x”p (E,k,tw(m)(t )" C [ a , bl 


= 1 ^ + Igi say* 



ids 


Stae* supp t.U supp g.c.[a*,b'] , hence it is easily 
seen that 


(4.3.9) I 1 < M 1 | |f(m)- g (m)j J 


C[ a*,b»] 


Also, by theorem 4.2.2, we have 

1 1 , v - i, N 

L ,b 1 C[a‘,b'] 

< || g (»). f 0n) n + ux-Ck+Dd, || 

C[a',b-] * 8 cr.i 


C [ a- ,b'] 


+ | | gCSfe+nn-E > i | h 

G [ a' ,b< ] 

where ^ is a certain constant. 

Hence , 




This proves the lemma. 


mLQL IMl 4.3.1 


As in the proofs of Theorems 2^. 4.1 


and 3.3,1 it is enough to show the implications (ii)*=*(iv) 
and (i)«*(ii). 


First let us assume (ii). Let a’ ,a»,b» ,b" and g be 
as in the proof of the implication (ii)-t. (i V ) of Theorem 2.4.1. 
Then supp feg . ; (aa.bg) and <fg)<“> e Iis^i, v v slnce 

E Ll2 ^° c ) k+ l!8 g ,l^). Hence by Lemmas 3.3.4 and 4.3.3 » hate 
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itf®lag»l£>t)-(fg) <n ‘ ) (t)| | = 0(A- < < k+1V ' 2 ). 

^ ,P c tvV 

Consequently, since g(t) = 1 on [a n ,b M ] and [a^b^jC (a tt ,b*), 

- 0(X“ o< ( k+1 )/ 2 ). 


(4.3.11) | lS ( x ^(fg,k,t)-f (m) (t)t | 


Now, w3 shall show that 

^ „(m) 


c t 


- (k+1). 


(4.3.12) l |S^p(fg,k,t)-S^(f ,k,t)l | c 

Let 6 and x b (u) be as in the proof of the implication 
(ii)— > (iv) of Theorem 3.3.1. Then, by Lemma 1*5.6, Schwarz 
inequality and Corollary 2.2*3 we have 




C [ ^ 


.(m) 


= ||S^p((fg-f)(u)x 1 (u),k,t)H 


k 


( 4 . 3 . 13 ) 


< 2 iCU,k)l 1 | 2 (d X) r+S 

3-o 2r+s<m J 

r ,s> o 

.B 


G [ 1 

i 4 b ; <« 


(p(t)) 


m 


s S-i , » 


T 


C[ 83, b 3 ] 


= 0 ( 


(m H (GIN) > [ being arbitrary ) 

x -(m-Sto«)/2 )t 
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(4*3*12) follows* 

Combining (4.3*11-12) -we have (iv). 

Next, let us assume (i). Proceeding as in the proof of the 

implication (i)=*>-(ii) of Theorem 2.4.1 we have f( m ) 6 C[a^,bj]. 

Putting r = c<(k+l), we first consider the case o < t< 1. 

Let a', a ,T , b‘ , b”"and g be as in the proof of the implication 

(i ) =► (ii) of Theorem 2.4.1. 

For t £ [ a’ ,b‘ ] , with D = ■ » we have 

at 

S Cm) (fg,k,t)-(fg)^(t) 

A n» F 

= D m [ S Xn)P C(fg)(u)-(fg)(t),k,t) ] 

(4.3.14) = D [ B XnjP (f( u )(g(u)-g(t)),k,t) ] 

m 

+ D [ S x Cg(t)(f(u)-f(t)),k,t) 1 
n 5 F 

- I 1 + I 2 > say. 


To estimate X^, by Leibniz theorem we have 

J 1 = = °^> k) -V « d j 


. S?~} (f(u)(g(u)-g(t)),u c _ 1 )du , 

j n p j- p x 

* Z cu,k) ^ (®) J“® ¥ (i \dj X n ,t,u p .i) 

.m-i 

£ f w / \ x\ \ \ 


ra=r [ ^rA n ^^>Cg(u)- g (t)),u p .i)l d V i 
d t 
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tim, (4*3*12) follows. 

Combining (4.3. 11-12) we have (iv). 

Next, let us assume (i). Proceeding as in the proof of the 
implication (i)==^(ii) of Theorem 2.4.1 ^ have f( m ) £ C [ apbj 

Putting t - c<(k ;+ i) J fi rs ^. consider the case o < t< 1. 

Let a , a , b* , b^'and g be as in the proof of the implication 
(i) ==i>- (ii) of Theorem 2.4.1. 

For t G [ a' ,b> ] , with D = -±_ , w have 

s (m) (f gl k,t)-(fg)W(t) 

n 3 

_m r o 

" D L S X n »P C(fg)(u)-(f g )(t),k, t) ] 

m 

(4.3.14) = D [ 8^ ,p(f (u)(g(u)-g(t)) ,k,t) ] 

m 

+ D [ s >i ii) p(6(‘ ) (fw-nt)) ) t 1 t) ] 

— "^i ^2 * 


To estimate 1^, by Leibniz theorem we have 


I, * 2 C(J,k) 


WW d x a,t.Vl>- 


• s f X (f(u)(g(u)-g(t)) ,u n)du i 

j n p p~l 

k m t% / j \ 

,=o CU,k) i=o ( ?> 

tn-i 

• -^m=r- [ ClW»)(jW-i(«), ^ 1)1 au„. 



(4.3.15) 


“s 1 O 6 (m_i) Ct) Si C x 1> 

ifeo 1 n » 

k 
2 

j=o 


k 

+ 2 C(^jk) (d _.\ n , t,up».^ )* 


,P-1 


®d.X n (f(u)(g(u)-g(t)), Vl )d Vl 


= I 3 + I 4 j say. 


Then, by Theorem 4.2.3 

m-1 


(4.3.16) I = - V ff) g< m -i)(t) f‘ i5 (t) + OCX' T/2 ), 

i=o 1 

uniformly In t £ [ a’jb 1 ] . 

Next, we estimate 1^. By Taylor expansions of f and 
g we have 


m n(i) / a 

f(u) = 2 - 1 .. I AL L ( u-t) 1 + o(u-t) 

i=o il 


m 


and 


g(u) = 2 -.-S l —L fc) (u-t) 1 + o(u-t) IIH ’ 1 ' . 

i—o it 

Substituting these expressions in I 4 and using Theorem 4.2.2, 
Schwarz inequality and Corollary 2.2.3 we get 

x = 2 JS Uti. J. ILL. ml + 0( x n ) 

4 1=1 i! (ra-i)l 


( 4 . 3 . 17 ) 


= s <;> ,«>(« * ocx; T/2 ) , 


i=l 


uniformly in t £ [ a’ ,b’ ] • 


Lastly, by Leibniz theorem 
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x 


= 1 jsjifc) a # 4 ■ (l) (4,V**Vi ) * 

' . i-cr 


3 m :l r sT\ Cg(t)(f(u)-f(t)),u p . 1 )l ^Vl 
It 5 ^ ‘V 11 


(4.3.18) 


s 2 C m ) g<®- l) Ct) S ( x i} p (f,k,t)-Cfg) (m) (t) 
i=o 1 n ’ 


i=o i 


) 


v ; f\' *t*:*J^\ I ^ in t 6 { ^ 

>r ' 


that (i) holds] 


5B '*^©C ” 


^ . fj. 




the so estimates ^ have 


(4.3.19) ||S^ p (fg,k,t)-(fg) lm) Ct)U 

r» * r 


n ,* G[aSb«] 


. - T / 2 . 

= 0 ( )* 


Thus, hy Lemmas 4.2.1 and 3.3.4 we have 


Cfg) (m) £ Liz(°(,h+l5 a’ ,h’ )• Since g(t) - 1 on [ag’^ ^ 
h ence f(») € LLz(-c^l*«B.^ proving the implication (i)- (U 

when o <v < 1. 

NOW, as in the prcof of the implication (i>— Ui 

Theorem 2.4.1 for a ge®ral x , * assn® that the result 

holds for f e (P-1.PM and Prove it for r £ [p',P' + l) 

, 2 k + l). Since the result holds for t £ (P -l.P 

therefdeVp'™- 15 and £ Lip(l-a i^.h*) for any 5 > o. 

x t „* h* ai,b*, x„lu) and g he chosen as in the proof 
Let s L 3_5 D i> a 2> u 2 > *2 

- i.- M')®* fii^ of Theorem 2.4.1. Then, 

of the implication (i '> 11 ' 


no 




G [ af,fc| } 


(4.3.20) 


< I lift S^,p (g(t)(f(uH(t)),fc,i)Itl^ ;;; ^^ 

2 2 

+ || rP [ s. p (f(u)(g(u)-g(t)),k,t) ] 1 1 * * 

A n» p . 


= *i + I 2 » say * 


To ostiiptfee , Lp ' by 


E S^ p (g{t)(f(u) , t)] - (fg) Cm) (t)H 


e 


n S (^) g (m " i) (t)^ p (f,k,t)-(fg) (m) (t)i i 




? ■ 


(4.3.21) 


= il s (J) g (® # ‘ i )(t)f(i)(t^.Cfg) 0ll5 (t)|^ „ v 


i=o 


{^*2] 


+ otx- T/2 ) 


= oc x; ^ 2 ). 


Also, by Leibniz theorem and Theorem 4.2.2 we have 

m-1 m /_ , s „ (i) 


i 2 = || - 2 (“) g Cm " i) (t) \ p Cf,k,t) 

+ i=o 1 nJ^ 


+ (f(u(g(u)-g(t)) 


(4.3.22) 


X n>P 


G[^,b*] 


+ o(Xn‘ Ck+1) ) 


= 1 1 ^3 + ^4 1 1 


C[ 3j> ’^2 1 


+ o( X’ (k+1) ), say. 



5.88) Io - - m 2 1 (“)g (m ' 1) Ct)f< i >(t) + 0( X“ T/2 ), 
i=o 1 


- T/2, 


uniformly in t 6 [a^bg 1 


By a Taylor expansion of f we have 

k CU,k) / B ™ (m) 

3=o 


(4.3.24) 


I 4 = S C(j,k) J B W Cm) Cd.X nt t,u p ^ 1 ), 


, 3|“\ & <f<«H*(*)"gU» XgCnhu^Mu^ 


*■*.£/ cu,*> ^ 

|*o i=o 11 

.P" 1 


. sft ((u-t^CgCu^gCt)) x 2 (u)>Vi )d Vl 


On 


+ z cu,k) w (m) WjV t| Vi 1 ' 

f (p- + m-l) ( E Vf (p' +m -l) (t) m _ x 

( — (u-tr 


. s, 


P-1 

d<X 


0 n 


(p'+m-l) I 


.(g(u)“g(t))X 2 (u),u p . 1 )du p _ 1 

( £ lying betvreen u and t) 


= I 5 ♦ I g , say 
By Theorem 4.2.2, vre get 


T = s CU.k^T' 1 ^(dAn.t.Up.i). 


3=° 


i=o 


il 



1X2 




(4.3.25) 


+ o( X 


-(k+1) 


* , *- 


n 


) (uniformly in t £ [^,bg] 


T . ,,-(k+l). 

- Irj + o(X Q ), say. 


oo 


Since g £ C Q , therefore we can write 

k p'+m-l f (i)/*N p'+m+l 2 (r)f t , » 

I 7 = S C(j,k) 2 ■■ 2 § K > 

' 4 »A n — ✓ 


j“0 


i=o 


il 


r-1 


TT T 




0 n 


(4.3*26) 


k p'+m-l _(i )/ -d (m) 

+ jS 0 c(j ’ k) f L i. ' X A w Wj x »' t *Vi > * 


i=o H 

S^ n (£ (u, t ) ( u- t) i+ p ' +m+1 , Up-! )dup. 1 

(where £(u,t) -*• 0 as u -*■ t) 


- I 8 + I 9 » say* 


Then, by Theorem 4.2.2 we get 
I 


8 

(4*3*27) 


. S jgfe i + o(x-^D) 

r=l ?1 (m-r)l n 


= £ 0 gt*)(t) + oc>T (tol) 

r-1 r n 


) » 


uniformly in t E [ a£,b* ] 


Also, as In the proof of Theorem 3.2.1 it can be 
easily shown that 

if * 1 

l ^ * 1 „ * ' ^ 

. l g = o( ^‘ (fp+1)/ ^ ) = o(x" n T/2 ) , 

uniformly in t e [ s£,b* ] . 

Lastly, 


iii 6 ii « „ 

0 [•£»*£] 


< 2 |C(J,k)| 2 (d X ) 

” j=o 2r+s<m ** n 

r , s~>o 


r+s 


[m] 

lw jtji 


(p(t)) 


eh 


p-l |f(p , +m-l) ( ^ )-f(p , +m-l)( t )| 


. s; , ( 


J d j X 

J ^ 


(p’+m-l)I 


p’+m 


. | g 1 (n ) 1 1 u-t| Xs(u),u p _ 1 )du p _ 1 || * v*n 

CLap,Dg J 

(by Lemma 1.5.6 and mean value theorem) 


(4.3.29) 


r+s 


< M ||gMl * * max [ 2 (d.X ) 

c [a|,b|] o<j <k 2r+s<m J n 

| m (t)| " P, ^° 

* II ~ W(d j X n ,t,Up.i ) |u p .i-tf 


(P(t)) 


p‘+m+l-5 


^ |u ' tr V u >’ u p-i> 
4 Vil I 


C[=g*.b*] 

= 0( x“(P ,+ l" s /2) (ty Schwara inequality 

„ T /o and Corollary 2.2.3) 

= 0( X n ), 


by choosing 6 such that o < 5 < p’+l-r. 
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•the above estimates get 

I(sj m) (fg,k,t)-(fg) Cm) (t) II t =0(Xn T/2 )i 

X n>P C[a|,b*] 

* , 


Since supp fgciCagj^)* therefore by Lemmas 4.3.2 and 3i3*4, 

(fg) (m) 6 Liz(<*,k+l;a£,b*). Since g(t) = 1 bn.- > it: Allows 

that f (m) £ Liz(oC,k+l}ag,t^). 

This completes the proof of the Theorem 4.3.1. 

4.4 SATURATION THEOREM FOR S^)(.,k,t) . 

The saturation behaviour of the operators S.^ m ^(.,k,t) 

also is similar to that of the operators §5^ _ (. ,t). 

X , k+l,m 

,4.4.1 If are regular , k,m, £ IN 0 and 


f. E D^(A,B), then, in the following statements, the implications 
(i) =*(ii)=*(iii) and (iv) =-K vi) are true s 


U) 

f (m) 

exists 


.k+1 

A n 

sup 
t € [ a. 

(li) 

(2k+m+l) 
f* 0 

(ill) 

k+1 

X 

| | B C>) 
x,p 

(iv) 

f (m) 

exists. 


k+1 



x n 

sup 


|S^ m) p (f,k,t)-f (Dl) (t) | = 0(1) ; 


G A»C. [agjbr^} f ^ ^ G loo [ ^2 3 5 

= 0 ( 1 ) ; 


G t®3* b 3l 


and 


= °^ 1) > 


t G [ 1 


(v) 


f (2k+m+2) £ c[ b j and 2k s m+2 Q(j,k,>Vk,p,t) f (3) (t) 

^ ^ j=m 

= o, t G [a^jb, g ] where Q(j,k,m,p,t) are the polynomials 
occuring in (4,2.2); 
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C«) X®'* |i S*®> || = o(l). 

x ’ p c[%»V 

PROOF i First let us assume (i). Then, following the proof 

of Theorem 2.4.1, it is clear that f^ m ^ is continuous on [ a^,b^]. 

Also, in view of the implication (i) =*>(iii) of Theorem 4.3.1 

we have that f( 2 k+m+l) exists and is continuous on (a^,b^). 

Let a-fjb*, a*,b* be chosen as in the proof of the implication 
1 2 ^ 

(i)=*-(ii) of Theorem 2.5.1. Then, we can choose a function 


f* with supp f *CJ (a^jb^) such that f*(t) = f(t) on [a^,b^] 
and that f is 2k+m+l times continously differentiable on 
(a^»bi). By Theorem 4.2*2 it follows that 

(4.4.1) | |S (m) (f*,k,t)<* (m) (t) || _ „,-,-(k+l) 


= 0(X, 


)■ 


*n> p ' ' "0 

Let the spaces C Q and C c ( ^,h>) be as in the 

proof of (i)==*‘(ii) of Theorem 2.5.1. Then, for each 
q* C G 0 [ a^jb-j] and g £ C Q (a^jhjp by Theorem 1.4.7 we get 


l k+1 < (c^.k.t) - q ( » m) (t), g(t) > 


= * < -<!*(*>> g (m) (t)> 

k+1 k . . 

= X 2° C(j,k) < sj . ( W ,tV q*(t),g< m) (t) > 

k+1 k P n r ml 

= X < q + (u), 2 CQ,k) 2 ( P ) G L (u^.X ) - 

j=o i=l i i,K+l J 

+ o( X“(k+D) > 

(where are the analogues of F^j^ in Theorem 1.4.7 for 

the function g^ m ^ and the o-term holds uniformly on [a^,b^] ) 
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kv-1 


> '/ \ y CM k) 2 ( P ) g^ (u)/ d7~+ o(l) >• 

-< q*< u >» s c(3,k) s ijk+1)k+ i v j 

j = o •*- - 1 - 


Hence , 

(4.4.2) | X k+1 < S (m) (q*,k.t) - qi m) (t),g(t) > I < M ||q,||, 

for all X sufficiently large, where the constant M is 

independent of X and q + . 

Since f* is continuous on there exists , 

a sequence (f a ) such that i, £ C“*<VV “* ^ 38 ° 
f - f* in the norm | |* | | defined by (2.5.2). Then, by 

Theorem 4.2.2, for any g £ G^ ( 9X1(1 each function f c 

vie get 

. lim x k+1 < S ( “ ' (f 0 ,k,t) -f a Cm) (t),g(t)> 


cc 


OQ 


(4.4.3) 


2k»-m+-2 
S 

3=m 


= < T”«CMc.,P,t> ^ 3) Ct), g(t)> 


= < f (t), 2k+ 2 f2 Q^(J>k,m,p,t) g ( ^(t) > , 

0 j =1 

where o£ k+nH . 2 (D) = 5, Q C ^ » k > m » p » t)D denotes the 

2k+m+2 3 

differential operator adjoint to Q2 k+m +2^ = 


From (4.4.1) it is clear that there exists a subsequence 

r , k+l r g(m) (f*,k,t) - f*(m)(t)l K _ n which converges to a 
1 n q L *n>/ q 

function h 6 loo [4,^] in the weak*-topology of the space 
Loo [s£,t£] * ThUS f ° r every s e C< o ^ a 2»^ > 2 ) ** haV€ 
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k+i 


< S' 


(4.4.4) 

By (4.4.2), we have 


V " r ? 


n q’ 


(f*,k,t) - f*< m) (t),g(t) > 
= < h(t),g(t) > 


(4.4.5) 


lim X k+1 I < sW (f* - t, ,t) - Cf* - t g ,g(t) > | 

« \ v 

< M Ilf* - f „ II. 


Thus, combining (4.4i3* ii 5) we get 

< o afcHMS u>)g > 

= lim < f 0 (*l. s£k«H. 2 (E)g > 

0 -*■ oo 


= lim [ JLitt x n 


a-* oo q 


k+1 < s‘ B) „(f*- f„ , t) - (f 

oo A n J * 

4 




, g (t) > + < f a (t>, q* mJ ., (D)g >:1 


= lim A 


-q -* 00 * 


2k+m+2 

k+1 < s[ m) n (f*,t) - 

n A P 

ii- n » 

q 


= < h(t),g(t) > . 

, Hence , 

U.4.6) % k+mf£ >C» f * = «*>> as generalized functions. 

Now, following the remark after Theorem 4.2.2 we have 
^( 2 k+m+ 2 ,k,m,p,t) ^ o. Therefore we can write (4.4.6) as a first 
prder linear differential equation for f *(2k+m+l) 
from which we* conclude that -f* (2k+m+l ) e A.C. [a|,b* ] 
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. . „*(gk+ffl*2) p Loo f a*.b* 1 . From this (ii) is 
and also that f fc 1001 12 * 2 J 

r y, ,._ r g* &*n and f* coincides with f on 
immediate, since [^j 2 ^ 

[ (ii)-dii) is immediate from Theorem 4,2.3. 

To pr0Te (iv) —(v), assuming Civ) and fmooeeding as in 

the proof of (i)*"*-lii)» w3 get 


o (D) f*(t) = o, 

^2)&m2 


from which (v) is clear. 

Finally, Cv) *(vi) follov. from Theorem 4.2.2. 

Ihis completes «s proof of the saturation theorem. 



1X9 


CHAPTER 5 

SATURATION THEOREMS FOR ITERATIVE COMBINATIONS 
OF BERNSTEIN POLYNOMIALS 

5.1 INTRODUCTION 

In the previous chapters we proved direct and inverse 
theorems for the two types of iterative combinations (both in 
ordinary and simultaneous approximation) of general exponential 
type operators and saturation theorems for regular exponential 
type operators. However, several important particular cases of 
exponential type operators do not satisfy the regularity condition* 
Especially this is so for the summation type operators 

4 t 5 

(Bernstein polynomials), (Szasz operators), S^- (Baskakov 
operators) and (the operators of Rathore) as defined in 
Chapter 1. 

So far it is not clear how the saturation theorems could 

be obtained for general non -regular exponential type operators ; 

although from the existence of the asymptotic formulae one 

is led to conjecture that similar saturation theorems hold even 

in the case of non-regular exponential type operators. May [ 27] 

verified this assertion in the ordinary approximation for the 

3 5 

non-iterative combinations S^(.,k,t) of the operators ~ . 
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Me, in this chapter, obtain the saturation theorems 

(both in ordinary and simultaneous approximation) for the 

iterative combinations Sj^p(.,k,t) and the 

Bernstein polynomials. The corresponding saturation theorems 

for the Szasz operators, the Baskakov operators and the 

operators of Rathore have also been obtained by us but these 

will be published elsewhere. 

Throughout this chapter S^(f,t) = B^(f,t), X £ IN, 

where B^(f,t) * ^ (f,t), the X -th Bernstein polynomial. 

Is the domain of these operators is the set of all bounded 

complex valued functions on the interval! o,l] , tie functions 

f oceuring in this chapter are supposed to be bouided on [o,l] . 

Other notational conventions of the previous chapters remain 

valid as such. In particular, we mention that{X n ;n 8 IN } 

is a monotonically divergent sequence of natural numbers 

with X nf .]yX n < G, n 8 IN, for seme fixed constant C j the 

iterative combinations Si (.,k,t) and S, . _ (*,t) are 

A,p ' a ,k+l,m 

defined as in (4.1.1) and (2.2.2), respectively and the 
numbers and b^ (i = 1,2,3) satisfy 0 <a^<a 2 <^<b 3 <b 2 <b^<l. 

5.2 SATURATION THEOREM FOR Si (.,k,t) 

The results of this chapter show that even though the 
Bernstein polynomials are not regular operators, their 
saturation behaviour is identical to that of the regular 
exponential type operators. The result for the combinations 
S x> p(.,k,t) is as follows : 
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THEOREM 5.2.1 : In the following statements the 
implications (i) =>(ii) s => (iii) and (iv) =» (v) => (vi ) 
hold for any p £ IN and k £ IN 0 . 

U) X n sup |S X | = 0(1) ; 

t £L a^,b^J n 

(ii) f C2k+ D £ A.C. [agjbg] and f(2k+2) £ ^j- g^bg] $ 


(iii) X | {^ (f>k,t) - f(t) f 




= 0 ( 1 ) ; 


(iv) x^ 1 sup |S x .p(f,k,t)-f(t) J - o(l) ; 

n t£[a 1 ,h 1 ] n 

(v) f £ C 2k+2 [ and 2 QUjk,p,t)f^(t) =o,tig[ agjbp] , 

- O-o 

where Q(o,k,p,t) are the polynomials occuring in (4.2.2); 
k+1 

(vi) X I |s x (f,k,t) - f(t) 1 1 = 0 ( 1 ). 

,P c[%»%3 

P ROOF i Tfife begin with the following s 


PR OPOSITI ON 5.2.2 : Given an arbitrary °C >1, there exists 


a se quence { n 1r £ IN ) 


such that 


«C - 


> =<, k £ IN. 


Moreover, {\ n } can be assumed to be such that 

K k=l 


lim — 
&--* oo-. X 


= 8 , 


for some p £ [ofjoCC ] . 
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1?R00F : choose n^ arbitrarily. Then, assuming that 

the string { n^ }^(k= 1,2,...) has been chosen to 

i 1 

satisfy the given requirement, it is sufficient to prove 
the existence of n k+ ^. If, on the contrary, a choice of 
x is impossible, then for every n >n- there holds 

X+l 

either \ < c< or X^/X > °<C. 

™ n k " n k 

But {x n i n>n k }is an increasing sequence. Thus either 

Xjj /X n > (H (which is impossible as c <>l) or there exists 
Ik ^ 

an S 6 IN such that ^ n /X n < ct, for n k < n < n and 

k 

WV * c - Now w have V\>, <■< X &x/V > * c * 

k ic ^ 

This, however, shows that X^-jyX- > G, which is a 

contradiction. The second assertion follows from the 

Bolzano-Weierstr ass theorem. This cctapletes the proof. 


PROOF OF THE IMPLICATION (i) => (ii) : If (i) holds, 
then as in the proof of (i) => (ii) of (saturation) Theorem 
4.4.1 it follows that f is continuous on L a^,b^] and that 
^(2k+l) c;x; ^ s ^ s continuous on (a^,b^). Let su£,a^»b^,b^ 

be such that < ajj^ < ^ ^ ^^2 ^^2 ^^1 ^ Then, 

there exists a function f* such that supp f *CH(a^,b^) , 
f*(t) = f(t) on [aq»b£] and that f* is 2k+l times continuously 
differentiable on [ o,l] • Obviously we have 


(5.2.1) I l^x } p(f»^»t) 






for every m £ IN. 
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Bence 


, as f*(t) =* fCt) on [a*,b^ ] and [ 4*^} CI(a*,b*) 


.* -K*' 


< -s Xn>p(f>l£) t,|| c[ ^ ] 

+ 11 , D Cf>k>t) - f*(t) II _ . 

niP o [ ] 

< 0(\'n) + 0( ^ (k+1) ). 


Thus, taking m.( p IN) > k+1 we have 


(5*2*2) || S. (f*,k,t) -f*(t) || r „ , = 0( \' <k+1) ). 

A n ,p C[a|,b’] n 

In particular, for r £ IN (in the context of Proposition 
5.2.2) 

(5.2.3) | |S, (f*,k,t) - f*(t) || „ = 0(x' (k+1) ). 

V P C[a*,t£] * 

This statement is equivalent to 

(5.2.4) 'I S Vi)p ( f %k,t) -8^, p (fV,t)|| c[ ^-0(^ : 

For, trivially (5.2.3) => (5.2.4). 

Also, assuming (5.2.4), since lim Sv (f*,k,t) = f*(t), 

r oo ^ r > P 

we can write 


f*(t) = S^^ jp (f *,k, t) +[ _^,p(f *>k, t) - p(f *,k, t). ] 

+ ^ Sx n r+2 ,P ^ f “ S kn r+1 »P^ f * ,k,t ^ + **'* 

* [S x p (f*,k,t) - Sv ,p(fVit)] + .... 

^r+nT 
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Hence , 


f*(t)- S 


V 1 1 * h * 

T C t a 2 ,b 2] 


- 11 ' s v pCf ,k,t)ll c[4 t b*] 


+ || S 


\ + s’ P 


( f *3 t) — S 


\ + i> p 


1 1 


bg] 


+....+ II s, - ax lP (f*,k,t)ii * 

“r+m n r+m-l JP c [ a?, 


«S» to 3 ] 


k+l k+l kt- T 

< 1^(1/^ + 1/X^ +....+ l/X^ 1 +....) 


' r+m -1 


M 


x® 1 (1 + « K+J - + ^Ptk+I) + ••* + l ^- T H ' k+l y 






T5FT 


x k+l I-U/ock+iy 
“r 

where ^ , showing that (5.2.3) holds. 

Thus, we may assume that 


k+l 


{ X ( S 
2 r 


n ' An_ _ >p( f * }k > ^ ~ s Xv, ,p( f *>k, t))} is bounded 
r t+1 n r 

as a sequence in C [ aj,t| ] and hence in a|,b|] . Then 

there exists an h S Icc[^,t^ ] and a sequence {r_}^--i 

of natural numbers such that 

k+l 

^ S *n >p( f *>kjt) - S, ,p(f*,k,t))) converges to 
r q ^ r Q 
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! 


fa An the weak* topology of Ioofagjh^T • In Particular, 
ror any g £ with supp go( , t£) we have 

(5.2.5) X^ 1 < S x , p (f*,k,t) 3 X }P (f*,k,t).,g(t) > 
r q \ 

- < h( t) ,g(t) > . 


Another intermediate result is in order. 


LEMMA 5.2.3 : Let g £ C^(a^,t£) and f £ C§ k+;L ( a^bj.) . Then 
there holds the inequality 

k+1 


(5.2.6) 


I Xn r < S. jp (f,k,t)- S x ^, p (f,k,t),g(t) > | 


< M | |f | 


^Skt-l * 


for all r sufficiently large, where M does not depend on 
f and r and 


If II 

( 

rlPl 


<2k+l 


= Ilf H + ||f (2k+1) ||. 


PROOF : Let W L J (X,t,u) denote the distributional 
kernel of the p-th iterate • We have 

< \,P U ’ klt) ’ g(t) > 

= < 2 C(j,k) S d P . x (f,t),g(t) > 

j=0 j'Uy 

= U C(5,k) (d.x t,u)f(u)g(t) >dudt 

0 0 3=o 3 V 


— J i" { } du dt 

0 supp f 

1 2k+2 k .. r D -j 

= 'o ; suppf ifo « [P] 

.(t~u)^ du dt 


(<M n ,t,u) f Cu)g^i)(u) 

w VI f 



+ S l i S CCJ.k) ^(cUX ,t,u) f(u) e(t,u)( 

o supp I j _ 0 o > » 

2 k +2 

, a Jj. + S^> say, where G(t,u) (t-u) is the remainder 
term corresponding to the partial Taylor expansion of g. 
We can simplify Iq_ as follows s 


t-u) 2k+2 du d 


J J 1 2 2 ~r4— ~ C(j,k) (d-X n ^juJfCuJg^Hu). 

supp f o i=G j =G il J p> 

.(t-u ) 1 dt du 


zn+z k r pi i 

= 2 * nnn f J'o 2 CU,k) W- J (d,X , t,u) ♦ -(lOtT dt du, 

i=o supp 1 ° 3=0 J - 1 

where ^(u) = 2 (- 1 ) *=— f(u)g^'(u) uf a "’ i - • 

m=i il(m-i)! 

Before proceeding further we first prove an auxiliary 
lemma. A full force of the lemma will not he used in the present 
section. However, the intermediate steps in its proof will he of 


use. 


LEMMA 5.2.4 : If h G C Q , supp h CZ ( a,h)dT(o,l) , 

every p G IN and m G IN 0 there holds 

J b h(u) Jo W^ p 3 (X,t,u)t m dt du 

cl 


then for 


= J* h( t) { 2 i 4 I°[t m y [ p ](t)] U; }dt+ 0 (X^ k+ 1 >)||h|| 2k _l 


(5.2.7) i 2k+l , . m [p],^-.^) 

3=0 jl ' r X,j 
where the 0 ( x ^ k+ ^^)-term does not depend on h. 

PBOOF s First we shall show that with p and m as in the statement 
of the lemma it is possible to have the following type of expansion} 


J b h(u) £ W^ (x> t,u) t m dt du 
a o 

(5.2.8) 


= C 0 (p,m,h) + 


.... . + v^. + 0( x -d*i) ) l|h , 

a \k 


.2D 


127 


the 0( X ^^))-term being independent of h. 

** shall prove (5.2.8) by induction. Therefore first we 
consider the case when m = o and p 6 IN, We prove that 
/a h ^ u ) /q wt p ](x,t,u) dt du 


(5.2.9) 

= c xTr )P du + 0 (^ (k+1) )llhM c2k+1 , 

which obviously reduces to the required form 

^ m c i(P>o>h) Cir(p,o,h) 

c 0 (p?o>h) + y- + + o(A~( k+1 )) j/hll 


We have 


C 2 k+3 


WU,t,u) = s (^) t k o(l-t) X “ k o 5(u-— ) 
k o”° ^ 


hence, 


*f 2 i a,t,u) = £ (* > t k ia-t) x - k i 2 > c ^i, k o . 

— O -i- ^ ^ 


k Q =o o A 


k. 


,(1- X 1 ) X k o 6 ( u »_Oj > 


and in general 


W tP JU,t,u) = 2 ( k X ) t k p-l(l- t ) X - k p-l 2 

k p-l=° P_1 


(! ^ >kl < 1 -V ,x ' ki,6 < u -r>- 

Hence^ 

f a h(u) t,u) dt du 

' 4- " fer 4~"'4 S‘ 


k p“2~° k p-G~° 
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= s (h,~-) ( Here after ^ ^ 5 

k P-X =0 + 

(5,2.10) 

X _ ( r 1 g[P-££(h, t)dt + R)j say, 

- T+r K o x 

where for k = o, an elementry computation shows that 

R = -yj-£ [ S^ P "^(hjo) + S x Chjl) + s] , 

where |S | < [| S^~^^^h|| ; and for k ^ o, by the classical 
Euler -Maclaur in sum formula 


r = s\ P " XJ (h,o) + s\ p ~ x Hh 9 l)) 


it P-13 /V. ^ 1 ot P“"l] 

2^ * X 

+ Js ( S tp-du)(h,l) - S ^' 13 ( 1 kh,o)) 

21 X 2 X 


4! X 4 ' ~ X 

( s lp-i]csk-e) (h(1) . ^piiK?k-s) (h)0)) 


4* • • • •+ 


,2k-2 


(2k-2) 1 X* 

— i . __ X x X p P 2 .(t) s [ p " 1 - 1 C 2 k) (h, r^tna)) at, 

( 2 k) ! x aK+J - m=o 0 2k X 


where = B 2k^^ “ -^k’ -^k^ 311(1 ^k denottn S 

respectively the 2k- th Bernoulli polynomial and the 2.k-th 

Bernoulli number. 

Now we shall show that 


(5.2.11) sj; 5 ' 11 Cr) (h,t) = 0(x' (k+1) )l|h|l c 2 k+1 , 

for t = o,l and for every r( 6 IN) such that o < r £ 2k+l. 

We shall show this for t = o. For t = 1 it then follows 
by the symmetry in the definition of the Bernstein polynomials. 
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Since sup# her(a,b), we have 
;s.2.12) h (r) (u) < |Jh (r) || Og) m 

“ cl 

[ 5 . 2 . 13 ) -h (r) (u) < ||h (r) || 

*" cl 

wher e m ( € IN ) 2 k +2 i s arbi tr ary • 

We define 


g(u) 

Then ( 5 . 2 . 12 ) 


I lh (r) I I 

a m (m+r) (nw-r-l) . . . .(m+ 1 ) 
and ( 5 . 2 . 13 ) yield 




g( r )(u) - h^ r ^(u) >o and g^ r )(u) + h^ r ^(u)>.o • 


From these (e.g., by [ 23 , p. 12 } ) we easily conclude that 

^[P 1 ] (r \ g - h) t) >_ o and stP"‘^-l( r )(g+h, t)>. o. 
Consequently, 

( 5 . 2 . 14 ) j S [p-l]( r )( hjt ) J < S [ x P" l] ( r) (g,t). 

A 

Now, 

( 5 * 2 * 15 ) i p ' l] (u ,n+r ,t) = t“ H ‘ r + T (»«),»r -3 JLp-l] (t) . 

j=l ^ WX »J 

Hence, by ( 2 . 2 . 8 ) we get 

S^ P ~l^(r)(u^ r , o) = o( X“ (k+1) ). 

Therefore, by ( 5 . 2 . 14 ) 

|^P-l.] ( r) (h)0 ) | < || h (r)|| 0 (X~ (li;+1) ) 

< n h ii c 2k + i o(r (lc+1) ). 


( 5 . 2 * 16 ) 
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Also, fro© (5*2.14) and (5.2.15) it is clear that 

(5.2.17) ||s[ p " i:i(1) h|| < llh|l c2fc+1 °(1), 

which together with (5.2.16), for k = o, implies that 

IB I = OUA) l|h|| 

C 

For k ^ o, using (5.2.14-16) we have 

|R | = O(VXW) IlhM^. 

Thus for all k £ 1° 

(5.2.18) |R| = 0(1/X k+1 ) l|h|| 2k+1 . 

Now suppose that the result (5.2.9) is true for p-1. Then, 
by (5.2.10) and (5.2.18) 

^a h(u) Xq CX,t,u) dt du = (^-) P X^ h(u)du + 0( X~( k+1 >)||h| 

showing that (5.2.9) is true for p. Thus to prove (5.2.9) for 
all p 6 IN it is sufficient to establish it for p = 1. 

For this, since supp hdXa,b), 

/a h(u) X^ W(X,t,u) dt du = 2 -—L— h(S.) 

a 0 m=o X+1 * 

= •[ X^ h(u)du + R ] , 

where, as previously, for k = o, 

I < I i h ' I |> 

and far k ^ o, 
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R = ' m fa* So ?2k(t5 hC8k)( x ' hum))6t ’ 

• °< r<k+1) > INIjJsm* 

Hence for all k £ IN 0 , 

|R J = 0( X ^ ) | |h | l^gic+i* 

Thus, (5,2.9) has been proved for all p£ IN, i.e. (5.2.8) 
holds for m = o and all p £ IN . 

Now we consider the case when p = 1 and m £ IN°. We 
pr ove that 

J b h(u) A W(X,t,u) t m dt du 

cl ^ 


(5.2.19) 


h(u) P m (u,X) du + 0(X (k+1) ) |Jh| 


X+l " ’ a , ( £fc^l , 

^,*1 

where P m (u, X) is a polynomial in u and X x , the degree of p m 
in u being < m and which reduces to the required form 


C Q (l,m,h) + 


C-i(l,m,h) 0^.(1, m,h) — (k+1) 

-Sr — + .... + hL^Ll_ + o(*^ +J - , ) ||b|| 


(-2 k+1 


Suppose that (5.2.19) is true for sane m. Then, 
b(u) W(\,t,u) t^ 1 dt du 
= jk h(u)u W( x, t,u) t m dt du 

a O 

- h(u) Jq W(X,t,u) (u-t) t m dt du 
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(5.2.20) 

= X* h(u)u W(X,t,u)t m dt du 

3. O 

- i X b h(u) X^tA W(x,t,u)] t m+ 1 (l-t) dt du 
X a oqi > 

- X b h(u)u X b W(x,t,u) t m dt du 

a o 

+ i X b h(u) Xq WCx»t,u) t m [ (bh- 1) *“(nH-2) t ] dt du . 
a a 


Now, (5.2.20) gives rise to 

X b h(u) X 1 WC X > t,u) dt du 

a o 

= ‘-xrr 0 ; a hCu) p «h.i<">^ du+ 0( r(k+1) >ii h n c 2k+i'- 

where 

p jjj_j_l ( u, x) =[l + (-l) k (^) k ][uP m (u J x)+~iP rrl (u,x) 


is of the required type. 


Thus, since we have already proved it for m = o, (5.2.9) 
holds for all m 0 Il\f°. Consequently (5.2.8) holds for p = 1 
and all m 8 JN° and also for m = o and all p £ IN. 

Lastly, we prove (5.2.8) for all p £ IN and m 0 IN 0 . 

For this suppose that (5.2.8) holds for p*-l and upto scxne 


m £ IN. Then, 

X b h(u) X* ^ ( x, t,u) t m dt du 
_ ^ Ckp^ 1 +l)(k p ^ 1 +2) . .. .(kp^+m) 

"*• jLj * MiMMMMM. 1 rAIMIMltwrMa J.IIIM w WJWfWMHtol ■— I - - - -r - r- 'I1-1IM |[ 1-lfrt" TT TWM" 

kp.i=° (X+1) (X+2) • . .(X+m+1) 



(5.2.21) 


X +1 


(X+2)(X+3). . .(X+nH-1) k 
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K n ■> K n»l 

p^ere is a polynomial in of degree m with 

loefficients as polynomials in i of degree not exceeding m. 


Now for o < m <mwe have 

_ o - 


(5.2.22)5^3- 2 _ (^i) m o 4 P ' X ? (h,^) = C-xfi-)- 

K P“1"° 

. (/* t m ° ^ (h,t) at + s). 

Here, when m 0 = o, as previously (via the Euler -Maclaurin sum 
formula) 

B = °^' (k+1>) 

Also, when 1 < m Q < ra, for k = o, 

B = -gy [ if* (h,l) + T] , 

where |T j < m^ | | h||+ || | j; and for k ^ 0 , 

B =-2x sp' 1] (h.D * A- 4 p " 1]a) (h,x) 


+ -77V S P' 1] (3 W> t....t 

41 



(2k-2)I X' 


P-l] (2k-S) (h 


2kl X 


sr»? =0 ; o f! 2k< t >£7^F<t mo sp' 1] <*•«>} fri 


• dt* 


Hence, if k = 0 in (5.2.22), using (5.2.11) and (5.2.14-15) 


|R| = 0(1/X) IjhJi . 

G* 


we have 
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Also, for k / o, using (5.2*11) and (5.2.14-15) again it is easy 
to see that 

|H| = 0(1/XM) l|h|l c2k+r 

Thus in both the cases (k = o and k ^ o) 


|E | = 0(X- (k+1) ) l|h|| cSk+1 


Hence for all o < m 0 < m vj© have 


1 * 
t£t,. z 


Vi =0 


( !^) m o gEP' 1 ! (h) %i) 


X r _ , , O 1 (p-l,m 0 ,h) C k (p T l,m 0 ,h) 

= -5^— [C 0 (p-l,m 0 ,h) + ■ +...+ tj 

A 


+ 0( X“^ k+1 ) ) | |h | | 


,2k+l 


Thus, by (5.2.21) -we can write 


/]? h(u) fj; l/ P ^(X,t,u) t m dt di 


C^pjtnjh) C k (p,m,h) 

= C (p,m,h) + +...+ — 

X k 


+ 0(X-< k+:L >) ||h| 


i2k+l‘ 


where C^p^h) 1 s are certain combinations of Cj(p»l,m 0 ,h) 1 s , 
showing that (5.2.8) is true for p and m 6 IN . But, since (5.2.8) 
holds for p = 1 and m £ IN 0 and also for m * o and all p £ IN, it 
follows that it is valid for all p £ IN and m £ IN 0 . 

Now, since h£ c | k+1 with supp hc(a,b), we have 
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s\ X* wC p l (A*t,u) t ffi dt du 

= Xq t m sf p 3 (h,t) dt 

_ f l + m (■ 2 J +1 h^)(t) [p] ^/2 

" ■'o t *• 2 — *7: \ . J <t) + o(X {Sk * 1)/S ) I fhl f 

J—O J i A? J 


(5.2.23) 


f o h(t) < tffi,, A C j ] (t) > (3) dt 


o( r< 3!c+1 > / ' s ) n h 1 1 


,2k+l 


1 2k+l / « » j 

= X h(t){ 2 U-.L 
° j=o jl 


[ <«3 U) )dt + 


+ °U' (2lH ‘ 1)/S ) ll h,| 


c 2k+l 


A comparison of (5.2.23) and (5.2.8) leads us to 
f a h(u) Xq W [P] (\,t,u) t m dt du 

= ; 0 h (t ) { ; L a 1 ni [t%W(t)]U), at 


J=0 




+ 0 <*' (k+1) > llhll^ ’ 


which completes the proof of Lemma 5.2 


*4 * 


'^Skt-1 


•Continuing with the proof of Lemma 5.2.3 we now 
estimate I g . 

^2 I 5 ' 0 J'supp f |0(j,k)| VjtPJ (djA^jt.u) |f(u) j . 


I £<t,u) | (u-t) 2k+E 


du dt. 
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Since, for sc m K lying between t and u, 

|g( 2 k+- 2 )(£) - g( 2 ta- 2 )^ j 

} 8 (t,u) { = £ 

(2k+2) 1 


< --g-,- »j (2lH*2)jj j 

“ C 21 SH- 2 )! 1,8 M q a,i 


|f(u)| < l|f|l c2k+1 


It follows that 


|I 2 I ll f ll c! * + x j ! 0 £ S l » tPl «i X V t,tt> *. 


. (u-t ) 2k+2 dudt 
= 0 (f I If II 


C^lc +1 ’ 


Then, using Proposition 5.2,2 and (5,2*8) it is clear that s 

. k +JL | 

x h r < +1 >P (f,k,t) ' S *n r >P (f,k,t),g(t)> 

i 

k+l 2k+2 k Ifni A 

= *n 2 2 C(J,k) / *,(u) r W-r J (d,x ,t,u)tr dt dll 

* i=o j=o suppf 1 ‘ ° « *V I 

i 

v+t 2k+2 k i rn’i 

“ x n 2 2 C( 3 ,k) J ♦i(u) r lH p J (d 1 X ,t,u). 

n r i=o 3=0 suppf 0 3 "r+l 


t at au + od) ||f|| 21wl 


= 0(1 > l' f ll 0 2k + l 


This completes the proof of Lemma 5.2.3 


Continuing the proof of Theorem 5.2.1, since [o,l ] 

is dense in C 21 ** 1 [ o,l] with respect to ||* j| there exists 

a sequence { f*} in C 2 ^ 2 [ o,l } , converging to f* in the 

^ ^^2k+l 


norm. 
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Therefore by Lemma 5.2*3 we get 


, k+1 ^ _ 

h D < 6 
^ ~q 




’Vi ,p<fo ' i ' ’ k,t) ' \ >P (f * > | 


< M | |f* -f*ll 

<r 1 ' c 2k+l * 

Consequently, 

lim lim ;f +1 < s ( f * « f * k t x 

cr oo q -*■ cx? ii X 1 

r q * q +l 


S \l-r, jP x,i cr t), 


g(t) > = o, 

which can be equivalently written as 


lim lim X k+1 < g 

q 

(5.2.24) 


Xn r„4-l ?p(f0,k,t) " S X nr ?P^ + » k >t),g(t)> 


lim Icil 

V < s v + 1 »p (f * ,k>t) ,p(f*.i=,t),g(t)> . 


Now, since f * p r^k+2 r _ - 

a [°»1] > by Theorem 4.2.2 and 

Proposition 5.2.2 we get 


lim x 

q-*oc 


k+1 


% < SXn r >P (f *> k >« - S x ,p(f*,k,t),g( t ) > 

q 1 % 


= < - d-(|) k+ i) T 2 


£ 0 «J. k .P.t) 


(5.2.25) 


“ <P 2k + 2 (J » 

< f o ,P 2k+2 (I) 5g > , 



138 


where ,p£ k+2 (D) is the dual operator of Pg^pCD)* 
Thus combining (5.2j$) and ( 5. X. 24-25) we have 


lim 
a 00 


< f .? ,P 21a-2 <D,g 5 = < Wt)il(t) >, 


i .e . , 


< f*>P|k+2 (D) S > = <h(t),g(t) >, 

for all g S with supp gCH(s£>bp* 

Thus, treating f* as a generalized function, 


(5.2.26) P 2k+2 (D) f*(t) = h(t) . 

Now, since Q(2k+2,k, p, t) t o (by the remark after Theorem 
4.2.2), interpreting (5.2.26) as a first order linear 
differential equation for f*(2k+l) ^ Reduce that f *(2k+l) g 
A.C. [ a^,b*] and that f*(2k+2) g Ioo[a^>b 2 ]* Noticing 
that f * = f on [ agjhg 'J and [a^t^dl s£,b* (il) ia 
immediate. This completes the proof of the implication 
(i) =>(ii). 

That (ii) =>(iii) follows immediately by Theorem 4.2*3* 

To prove (iv) ==> (v) , assuming (iv) and proceeding as 
in the proof of (i) => (ii) we get 

P 2k+2 (D ^ f * ~ °» 
from which (v) follows. 

Lastly, (v) => (vi) is clear by Theorem 4.2*2* 

This completes the proof of Theorem 5.2.1. 
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5*3 SATURATION THEOREM FOR S x>k+1 m ( . , t) 

S 

The generalized Micchelli type combinations of the 
Bernstein polynomials are governed by the following saturation 


THEOREM 5,3.1 : If k,m £ IN°, in the following statements 

the implications (i) => (ii) =>(iii) and (Iv) =» (v) => (vi) 
are true : 


(i) 


.k+1 

x n 


f u P . f s X n ,k+l,m( f » t >“ f < t > I = °<D 5 

t£[ai,bi] n 


(ii) 

(iii) 

(iv) 


(v) 


f (2k+l) £ A . c . [ ag , bg ], and f (2k+2) g i^j- a^bg] j 


k+1 


k+1 


‘ ««ll 


= 0(1) ; 


sup 


t £ [a 1 ,b 1 ] 


l s X n ,k+l,mCf>t)-f(t) | = o(l) ; 


f £ C? k+S [a^bg] and ^Q( j,k+l,m,t)f^>(t) = o,t€[ aj 


where Q( j ,k+l 3 m, t) are the polynomials occuring in (2*3*1); 


(vi) 


,k+l 


I S 


^9 k+1 ,m 


(f,t)-f(t) | 


c [ 


o(l) 


EKOOF : First assume (i). Then, as in the proof of (i) => (ii) 
of Theorem 2.5.1 it follows that f Is continuous on } 

and that f(2tet-l) exists and is continous on (a^,b^). Let 

^ ^ ’ ^1 ’ ^2 f be as in the proof of Theorem 2*5.1. 

Proceeding as in the proof of (i) => (ii) of Theorem 5.2.1 


we find that there exists an h £ ^[a^bg] and a sequence 
, oo 

{ r q £ IN } such that 
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k+1 

(5.3.1) 


<S Xn " Sx n^ 51 


% 


< h( t) jg(t) > t 


for any gt c“ ■ 

Now, as an Intermediate result we prove the analogue of 

I 

5.2*3 in the present case. ; 

LEMMA 5.3.2 s Let g £ <$a*,l£> and f £ <% s *ha 1 ,\) • Ih*n | 
there holds the inequality 


(5.3.2) | x^ 1 < S Xn * S Xj ^ J i £+ x,mCf»t)>gC« > | 


Vi 


< M I |f I l^k+1’ 

for all sufficiently large r, where M does not depend on f and 
PROOF : Proceeding as In the proof of Lemma 5*2*3 we get 


^ »k+l,m(^>‘k) jg('k) > 

T 


2k+2 k+m+1 
= 2 2 
i=o p=m+l 


r ir\-D a (^r 1 ) x x 1 . 

ml ( p-m-1) 1 p supp f 0 


* (x n ,t,u) <t>iCu) t 1 dt du 


(5.3.3) + (-1 f ( k+nH-1 ) X 1 . 

P=JTH-1 


J*l ( 
ml ( p-m-1) I 


P 




X „ <x_ ,t,u> f(u) Ut.uMi.-u) 

supp f “r 


Sk+2 


du dt 


* I 1 + *2t say. 


X4X 


Than, as previously, 

(5.3,4) |I 2 ! = 0 II* * 

Hence, using Proposition 5.2.2, (5.3 ,3-4) j Lemma 5*3*4 
and Lemma 2,2,4 we get 

x n^ 1 < S X nr+1 ,k+l,m (f » t) ~ jk+ljmCfjt) ,g( t)> 

ta-1 2 * +2 Sk+m+l m (-D^Cp-Dl .tenwl, 

= X 2 2 (-D *— — ( „) • 

hj, i=o p=ntfl m! (p-m-l)I P 

• X Xq W^(x n ,t,u) <K(u) t 1 dt du 

supp f V 1 

. k + l W*2 ^l£±SjdilL ( ^1) . 

i=o p=m+l mi (p-m-1) I p 


supp f 

l c 2 k+l 


f 0 »t,u) ‘fri.Cu) t 1 dt du 

0(1) Ilf 1 1 

( 


k+l 2k+2 n 2k+l / 

if 0 J o ‘ 31 ' * 

• < t 1 S X ,k+l,raC(u-t) J ,t) f <35 ] at 


n 


c+1 ^k+2 , 2k+l , , N i 

x 2 ft *.(t)L r , 

r i=o 0 1 >0 31 


= 0(1) Ilf II 


«5>Vo.l * 
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lie as in the proof of Theorem 5.2.1* Then, 
$y Lemma 5*3,2 


I X 


k+1 


\ < ^ +1 ,k+1 » m " S Xn > k *l,m(f a *-f*,t) 

r a T q +J - 

>g(t) > | < M | |f*-f*| I 

11 a 1 I ^k+l * 

Hence , 

iim lim \ < s it / .p ♦ i \ _ A 

0 * ®o q <oc v V + 1 > k+ 1 .® ( V> t) ■ ^ .fc+l,m( f a .%(t) > 

(5.3*5) 


= lim ,k+l < s . v , * 

q- °o Xn r q Xn r q +i ,k+1 > mU * ' ~ Sx n^ > k+ l,m^ f > t )jg(t) > . 


Now, since f* £ c 2k+2 [ o,l] , by Theorem 2.3.1 
Proposition 5«2 # 2 ye have 


lim x^ +1 < S 


and 


q-»\ + ' s x , k+ljm <^»t),g(t) > 

" \ 


= < 


W D > C«ct)> 


(5.3.6) 


= <f ^ Q 2k + 2 (D) ^>’ 


where Qgj^CD) ~ ^ (^) k+1 ) ^ Q( j,k+l,m,t)D^,Q^ k+2 (D) 

is the dual operator of Q^D) and Q(J,k + l,m,t )* s are aS 
in the statement of Theorem 5.3.1. 
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Tbtts combining (5.3.1) and (5.3. 5-6) we get 
< f * jQ 2k+2 (D)g> = <h(t),g(t)> , 

OO 4e )k 

for all g £ C Q with supp gc^(ag,t^). 

As noted in the proof of Theorem 2.5.1, Q(2krt-2,k+l,m| t) / c 
in view of which (ii) follows. 

The statement (ii) => (iii) follows from Theorem 2.3.2* 

A formal proof of (iv) => (v) => (vi) follows from the 
above proof along similar lines as in that of Theorem 2.5.1 
and is omitted. 

This completes the proof of Theorem 5.3.1. 

COROLLARY 5.3.3 : If k and m £ IN 0 , then for each 
i = l,2,....,k there holds the identity 

(S.3.7) k rVi> m ( P) = 0 . 

p=m+l m I ( p-m-1 ) I p 


PROOF : The function f(u) = u(l-u) satisfies the hypothesis 
of the statement (ii) of Theorem 5.3.1. Ifence, by (ii) => (iii) 
of the same theorem for any t £ (o,l) we have 


(5*3.8) S X)k+1)0 (u(l-u),t) - t(l-t) = 0(X' (k+1 h* 

Also, 


S Xjk+ljm^^ 1 "^ 

k+rn+1^ m (,-] _) P+1 ( D ~p i 
p=m+l ml ( p-m-l) I 


( to ^ 1 ) SP (u(l-u),tO 


(5.3.9) 

k+m+1 
= 2 
p=m+l 


( -i) m ( k+t ^ 1 )t(l-t) 

ml(p**m~l)t p 


( 1 i )P 



-1) E ^f 1 ) tU-t)[ t (?)<- Jo 1 ] , 

F=»l mi (p-m-1) I p I*o 4 


Combining (5.3.8) and (5.3.9) it follows that 


k - iwl ( -d” ( lM - nif:L 


p 


p=m+l 


ml (p-m-1) I 


) t(l-t) [ 2 (?) <- 


i=l 


K 


= o (r (lc+1) ). 


It is possible only when 

fc T 1 (-l) m t-ll^tP-DI (k+BH-l) 
p=m+l ml ( p-m-1) 1 p 


(£) c o, 


for each i = l,2,...,k, completing the proof. 

Note that (5.3.7) is equivalent to the identity (2.5.4) 


5.4 SATURATION THEOREM FOR S^(.,k,t) 

In this section we prove the analogue of Theorem 
5.2.1 In simultaneous approximation. 


THEOREM 5.4.1 : If k,m, £ IN 0 and p £ IN, In the 
following statements the Implications (i) => (ii) =s» (iii) 
and (Iv) => (v) => (vi) hold : 


(i) 


(ii) 


f(m) exists on [ a^jb^] and 


sup { sjj m > (f,k,t) - f< m >(t) | = 0(1) j 

tetapbj n,v 

f ( S ^l) e A . c . [ag>lte ]and f (8»*8) EWvV . 

x k+l || gCm) (f)kit) . f (m) (t) || _ 0(1) 

,P 


(iii) 




(v) 


Jmt sup isjKp (f»k|t) 


f (m> (t) J « 0(1) } 


2teHft+2 t 

f (2k+i»2) e C[ gg,^] ana S QU t k t m,p,t) f V3; (t) « 

te [ag, b 2 ] where Q( j,k,m,p, t) are the polynomials 
occuring in (4,2,2) j 


(vi) 


X k+1 ||s ( “kf,k,t) 


| 1 = o(l). 

0 1%’hl 


PROOF : First let us assume (i). Then as in the proof 
of (i) = 3 > (ii) of Theorem 4.4,1, f ^ .£ G an ^ 

f (2k+nw-l) exists and is continuous on (a^jb^)* Let 

a l ,a 2 ,t) l ,t) 2 311(1 f * be as in the P roof of ^ (ii) of 
Theorem 4.4,1. Then, hy Theorem 4.2*2. we have 


( 5.4.1) | |s(m)(f*,k,t)-f* (m) (t) 1 1 = 0(ln k+15 ). 

C[a|,t£] 

In particular, for r £ 1 (in the context of Proposition 
5.2.2) 


(5.4.2) II S ( i 5 p (f*,k,t)-f* (m) (t) 1 | = 0(Xn^ t ' 1 ^ ) 

V s c t4> b |l 

Then, following the proof of (1) => (ii) of Theorem 
5.2*1 it is easy to see that (5.4.2) Is equivalent to 


II sj- m) (f*,k,t)-& (m, )p (f*,k,t) II „ 

V ,p X ,p ok.'Si 


* . * 


( 5.4.3) 




and that (5.4,3) yields 
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a-°o n An r +r* V p 

<1 q <i 

(5.4.4) 

= < h(t),g(t) > , 

for every g £ (a|,b£), some h£ a|,b* ] and 

oo ^ 

some sequence { r q } q=:L of natural numbers. 

Now we shall prove the following lemma : 
jhEMMA 5.4.2 : Let g £ C J (a|,b*) and f b c 2k+tn+l^ ^ } 

then 

^ 1 < s \ + 1 ’ P ( f ’ k,t) ~ s v.f> (f ’ k,t),sCt) * 1 

- M * ^ ^ c 2k+m+l » 

for all r sufficiently large, where M does not depend 
on f and r. 

EB.OQF i Since g£ c“ (a^,b*), an application of Lemma 5.2.3 
yields 

x n +1 f < S xJ* ,p(f,k, t)-s5^ > p(f,k,t),3(t)> | 

r r+1 11 j. 

= x T X 1 < Sx V 1 ’P (f ’ lC,t) ' S ^n , pCf.lt, >| 

- ^ IUI l c Sfcta. < M li f H c ai &nH .i> 

where and M do not depend on f or r. 

This completes the proof of the lemma. 



BOW, sines C 2 ' SHM ' 2 [o,l] is dense in c SlB ’“' 1 [ o,l] with 
respect to ||. 1 1 2feHMa > there exists a sequence { f* j in 

c SkH »2 t 0)i:] s ° oh that | |f *-£' * 1 1 sfcHn+1 ~ o as o - «>. 

c 

Hence, by Lemma 5.4.2 ■we get 
lim 11 m 

o co q 


(5.4.5) 

k +1 (m) , * . .v „(m) ,* . N , .. 

= lim x n < S x p (f ,k,t)-S\ ,p(f ,k,t),g(t) > 

q ■* 00 *q % +1 *q 

Nov, since f* e c 21 **™* 2 [ o,l] , by Theorem 3.2.2 and 
Proposition 5.2.2 v£ have 


k +1 

^Cl n 


OO ~ x \ 


< S ( ^ ,p< f c*> k > 

V 1 


t),g(t) 


< s v .P (f o> lc ' t)_s ^ ) ,P< f o*>“>«>sCt) > 

q h ■ a '-bi +i 


(5.4.6) 


2k+m+2 


i irj.1 ^ti-rurr d .N) 

= < - (l“(fe k+1 ) 2 Q(j,k,m,p,t)f U '(t),g(t) > 




0=m 


* i k +1 2 k+m +2 ^ / n 

— ^ fg C *t) 3 ) 2 Q ( 5 * kjffi j P| *b) g ( t) > j 

5-1 

where P| k+nH _ 2 (D) = -(l-(^) k+1 ) Q*(*j,k,m,p, t) D 3 

i k +1 

denotes the operator adjoint to p g k+m+ 2 ^ D ^ “ ) 

2 Q( j,k,m,p,t) D J • 
j=m 

Thus combining (5. 4.4-6) we get 


(5.4.7) < f*, (D)g > = < h(t),g(t) >, 


for all g e 



x*±o 


Now, since Q(2k+nH-2,k,m,p, t) ^ o by the remark 
after theorem 4o2,2,(ii) follows. This completes the 
proof of the implication (i) => (ii). 

The assertion (ii) => (iii) follows from Theorem 4.2.3 
For (iv) => (v) , assuming (iv) and. proceeding as in 
the proof of (i) => (ii) we have 

P 2bHW-S (D) f * = °> 

from which (v) is clear. 

Lastly, (v) => (vi) follows from Theorem 4.2.2. 

This completes the proof of Theorem 5.4.1. 


5.5. SATURATION THEOREM FOR S xfk+1 ^ 

In our last result we establish the analogic of 
Theorem 5.3.1 in simultaneous approximation. 

THEOREM 5.5.1 : In the following statements, the 
implications (i) *=> (ii) => (iii) and (iv) => (v) => (vi) 
are valid for any k, m £ IN° and P 6 TJ . 


(i) f^exists on [a^jb-jj 


and 


V +1 sup |s^’ tol = OU) 

t 6 [a 1 ,b 1 ] J 

(ii) f (2k+pfl) £ A#c# [a^ b g ] and f( 2 k+P*2) g Loo[ ^,hr 

(iii) X k+1 II 0(1) 5 
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(iv) exists on 


[a^T^] and 


.fcfl 


*n 1 %>«->“ 


,(p) 


(f,t)-f (p) (t) 1 = 0 ( 1 ) 5 


2 k+n *2 2 k+pf 2 , 

(v) fee [a^t^ ] and Z Q( j ,k+l ,n,p, t) f lJ) (t) = o, 

tj P 


(vi) 


tG j where Q( j,k+l,m,p, t) are the 

polynomials occur ing in (3.2.2) ; 


,k+l 


,(P) 

’Xjk+ljm' 


s:*L, _ (f,t)-ftP>(t) 




= 0 ( 1 ). 


PROOF : If (i) holds? following the proof of (i) => (ii) 
of Theorem 3.4.1 it follows that ftp) is continuous on [ a^b ] 
and that ft 215 *!* 1 ) exists and is continuous on (a^T^). 

Let a£,a^,b *,02 and f* he as in the proof of (i) => (ii) of 
Theorem 3.4.1. Then, by Theorem 3.2.2 we have 


(5.5.x) || s^ k+li0 CfV)-f*(e>(t)|| 

G L a 2> D 2l 

Proceeding as in the proof of (i) =>(ii) of 

CO 

Theorem 5.4.1 we find that for seme sequence { £ IN ^ q=i 

,(P) . _ /*•* 


= 0 (^ (k+1) ) 


lim j* 1 < sj w ,k + l,m tf lk+ l t ,(f’,t),g(t)> 

9 - 00 ^ ^r+l \ 


(5.5.2) 


< h(t),g(t) > , 



ISO 

Oo 

fdr ever y g £ © 0 (a*>b|), tfbere h£ Ioo£^,t|j is a fixed 
function* 

Next, for any g £ C^ta|,b|) ahd s £ a^) > 

following the proof of Lemma 5,4.2 and' making art application 
of Lemma 5,3*2 we obtain 


^ l <S sf ,k + l, m ^* t >-< P) ,k + l I m^>«>sC« H 

r+1 r 

cs.s. 3 ) < M I Is ! I^te+pt-x > 

for' all r sufficiently large, where' M i-s independent of 
s or r. 

Now, as in the proof of the implication (i) =» (ii) 

4 * 

of Theorem 5.4,1, there exists a sequence {f ff } in 
c 2k+p*2 ^ 0jl ] converging to f* in j |. j norm. 

Hence, in particular from (5.5.3) we have 


lim lim A ^ +1 < s[^> jk+lim^o * 3 ,k+l,m< f a * >t),g{ *> > 

**■' o& ff-.cc riy + 2 i v 

<1 


c oc q 
(5*£. 4) 


= lim x k+1 < -^ p > 


®p. 


3^ p; ,k+l,m(f ,ki-l,m^ f »S(^) > 

“r+l X 


q .. oo n r 


Also, since f* £ c? k+ £* 2 [o,l] , by Proposition 5.2*2 
and Theorem 3.2.2 we get 


lim A 1 ? 1 

q- 00 \ 


< 


SL P) ,k + l, m C* 0 V>-4f J k + l > mC^ 3t > 3 ^ t > > 

*L + 1 r q 
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n k+1 2k+p*-2 

<5.5.5) = < -(1-(|) ) 2 Q(j,lH-l,m,p,t)fJ VJ Ut),gCt)>- 

p j=P 

= < f*(t) ) 2 Q (3,k+l,m,p,t)g^'(t)> 

5 — i 

* 2. 1 

where as in the previous theorem Q (D) = -(l-(y) ) 

2k+pf2 • 2k+pe2 P 

2 Q*( j ,k+i,m,p, t) denotes the operator adjoint to 

3=1 , k+1 2k+pf2 - 

Q 2k+p»-2 (D) = “ (1 ~ ( F 5 j5p QC3,k+l,m 5 p,t) D J . 

Thus, by (5.5.2) and (5. 5. 4-5) we have 


<f *>%*k +p( -2 <- D) S > = <h(t) ’S (t5 >* 

Now, since Q( 2 k+pf 2 >k+l,m,p, t) >o from the proof 
of the implication (i) => (ii) of Theorem 3.4.1, (ii) follows. 
That (ii) =>(iii) is immediate from Theorem 3.2.3. 

The implications (iv) => (v) =^> (vi) follow from the 
above proof along similar lines as in that of Theorem 4*4*1. 
This establishes our last result. 
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